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We discuss on the worldwide famous Sudoku by using mathematical

approach. This paper is the 5th paper in our series, so we use the same

notations and terminologies in lll -l4l without any descriptions.

9. Classification of intersectable systems II.
This section is a continuous section of previous section 8. We consider some

basic relations among some types in the section 8.

Proposition 45. (Type 3) For each intersectable system <o : (S,7) of Type 3, we

havean intersectable system or,:(51,71) ofType2 such thatT.:?., in

STRF(f ,Jo) lor each f eSOL(f o\.

Proof. We take an in tersectable system (S,?) of Type 3. First, we assume that

5: [s,,sr] andT:ltbtrl such that
(1) sr and s2 are 3 x 3 blocks,

\.2) trand 12 are columns,

13) s, n sr: P,

14) ttnt2:0,
5, s,nl,+d for each i,j,l<i<2,1< j<2.

By the above cond.itions (1)-(5) there exist the unique 3 x 3 block z and the unique

column a such that
(6) s,nr=d and. s2.ru = $,
i,7) ttn0: O and tzn0 = 0,
i8) srUs2Uz:11U12Ur.

WeputS,:{a} andTl:ltl. Since,rnr,+0 by(8), <.r1:(Sy,?,) is an intersectable

system of Type2. Takeany sudoku matrix K:lK ")".1,,1,eSMTXlf ,f d and

w e put K' : T.( K) : fl S,T)(K) and K " : 7.,(. K i = 4sr,rr)( K). Thus by def in itions,

we have

.Emeritus professor, Yamaguchi University, Yamaguchi City,753, Japan
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北本卓也・渡邊 正

「κ α         /ο /α C:(ノ 1× ′2~(Slu S2)U(′ lU′ 2))U((Sl U S2)∩ (′ lU′ 2))

(9)κ:=lκα∩κ′lu′2-`lu,2 /ο /α∈SlU S2~′ lU′ 2

lκα∩
κ
'luS2~′ l∪
′2 /ο″α∈′lU′ 2~Sl U S2

「κα         /οグα∈(ノ 1× ノ2~″ Uυ)U(″ ∩υ)

(10)κ〃=lκα∩κ″_“    /ο /α∈″―υ

lκα∩κ“
―υ   /ο″α∈υ―″

By(1)― (8)we have

(11)ノ 1× ノ2~(SlUS2)U(′ lU′2)=(′ 1× ノ2~Sl U S2Uの U(Sl U S2 U″ ~(Sl U S2)U(′ lU′ 2)),

(12)sluS2U″ ~(SlU S2)U(′ lU′ 2)=″ ~′ lU′ 2=〃 ∩υ,

(13)(sl u S2)∩ (′ lU″ 2)=SlU S2U″ ―″Uυ .

Thus,by(11)― (13)we have

(ノ l× ノ2~(SlU S2)U(′ lU′ 2))U((SlU S2)∩ (′ lU′ 2))

=(ノ 1× ノ2~SlUS2U″)U(″ ∩υ)U(Sl U S2U″ ―″Uυ )

=(ノ 1×ノ2-″ Uυ)U(″ ∩υ),that iS,

(14)(ノ 1× ノ2~(SlUS2)U(′ lU′2))U((SIU S2)∩ (′ lU′ 2)):=(ノ 1× ノ2~″ Uυ )U(″ ∩υ).

Moreover,by(1)― (8)we have

(15)slu S2~`lU′2=υ ―″,

(16)′ lu′ 2-slu S2=“ ―υ.

By(9),(10),(14),(15),(16)we have

(17)κα=κ r for each α∈ノ1×ノ2・

By(17)we havethat rω (κ )=Tω l(κ )for each κ=(κα)α∈ノ1×ノ2∈ S〃TX01九)'ie'

(18)Tω =rω r
′
I｀hus,in this case、 ve shou′ the required one

Secondly,we nlust consider the case,

(19)′ and′2areroWS.

In this case(19),by the similar way as the case(2)wecan show(18).Hence we

complete the proof of Proposition 45.

Proposition 46.(Type4)For each intersectable system ω=(S,r)of Type4 there

eXiSt interSeCtable SyStemS ω l=(Sl,Tl)and ω2=(S2,T2)Of Type 2 such that

rω≧rω
2°
rω
l∩
rω
l°
rω
2,i・
e,aS,r)≧ηS2,r2)°■Sl,Tl)∩ηSl,Tl)°■S2,r2)in

STRF(ス′。)fOr eaCh/CSOL(/。 )・

Proof.We take an intersectable system(S,r)of Type4.First,we assumethat

S=ISl,S2}and r={′ 1,′ 21 SuCh that

(1)slis a 3〉く3 block and S2iS a rOW,
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(2)′land′2 are COlumnS,

(3)sl n s2=φ ,

(4)`1∩ ′2=φ ,

(5)si∩ ′′キφ for each'ュ 1≦
`≦

2,1≦′≦2.

By(1)― (5)we can choose sets Al={'1,'2,'3}⊂ノ1,ス 2=('4,'5,'6}⊂ノ1,И 3={'7,'8,ち }Cノ 1
and SetS 31={′ 1,′ 2,′ 3〕⊂ノ2,32={夕4,ノ 5,′ 6}⊂′2,B3={′ 7,′ 8,′ 9}⊂ノ2 SuCh that

(6){И l,42,■ 3}={11,2,3),14,5,6},17,8,9)〕 ,

(7)IBl,32,38}=11,2,3),{4,5,6},{7,8,9)),

(8)si=ス 1× Bl,

(9)S2=(j4)×ノ2・

(10)′1=ノ 1× {ノ1},

(11)′2=ノ 1× {プ 2}・

Ⅵアe put interSeCtable SyStemS(Sl,Tl)and(S2,r2)Of Type 2 as follows:

(12)S2=IS21 and r2=lυ l),Where υl=ス 2× Bl,

(13)Sl={,`〕 and rl={υ 21,Where%=ノ 1× {力}and υ2=A3×βl・
Takeany SudOku matriX κ =(κれ ∈ムXノ 2∈ S″TX01九 )and Weput κ

′

=■ s,r)(κ ).Thus we have

(14)s=sl u S2,′ =′ lU′ 2,

(15) r(;:
K1      /ο′α∈(ノ 1× ′2~SUr)U(Snf)

κα∩κs_1 /ο″α∈′―S

κα∩κι_` ノο″α∈S―′

We put ff':(Sr,Ir)(K) and K":(Sr,?rxll -). Thuswehave

κα     /ο′α∈(ノ1× ′2~ZU υ2)U(″ ∩υ2)
κα∩κ
“
~'2 /°′α∈υ2~″

κα∩κッ2-“  /ο′α∈″
~υ
2

K1     /ο ″α∈(′1× ノ2~S2U υl)U(S2∩υl)
κl∩ K12-υl ノο″α∈υl~S2

κ:∩κ;l―、 /ο″α∈S2~υ l

We put ff{: (S, ,Tz)(K) and K# : ?lSl,Ir)(I( *). Thus we have

κα     ノο″α∈(ノ 1× ノ2~S2U υl)U(S2∩υl)
κα∩κ

"_υ
1 /ο′α∈υl― S2        ,

καn κヮ1-s2 /ο′α C S2~υ l

(16)κl=

(17)κr=

Ｏ
Ｏ κ
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北本卓也・渡遷 正

/or ae (I rx lz- uUuz)U(u(\tz)

for aeo2- u

/or aeu- t2

We put ri=(aS2,Tl)° ■ Sl,rl)∩ aSl,Tl)°■ S2,T2))(κ )=K・
・∩κ‖,i.e,

(20)κ :=κ∫∩κ掌 /ο′α∈ノ1× ノ2・

We mustshow

(21)κ
l≦ κ′.

Claim l・ κ:⊂κα fOr eaCh α∈(ノ 1× ノ2~SU′ )U(S∩
`).

PrOOf Of Claim l・ SinCe aS2,r2)° ■ Sl,Tl)n aSl,Tl)° ■ S2,T2)iS a SudOku

transformation by Propositions 19,20 and 42, we have

(22)κ
!≦ κ .

Takeany α∈
(ノ 1× ノ2~SU′)U(S∩ ′)・ By(22)we have

(23)κ l⊂κα.

By(15)we have

(24)κ l=κα.

By(23)and(24)we have

(25)κ l⊂κl

Hence,by(25),we have Claim■ .

CIaim 2.κ :⊂κifor eachα CS2~υ I

Proof of Clairn 2.By(1)― (13)we can easily show that

(25)υ l~S2=υ l∩ (′ U″ )~S2=(υ l∩ ′~S2)U(υ l∩ ″― S2),

(26)(ν l∩ ′~S2)U(υ 2~″)=′ ― S.

SinCe(υ l∩′~S2)∩ (υ2U″)=ψ ,by(16)we have

(27)κ l=κα for∽ ch α∈υl∩ ′―与

SinCe υ]∩ ″~S2⊂″~υ 2,by(16)we have

(28)κ i=κα∩κッ2_“ for each α∈υl∩ ″
~S2・

By(25),(26),(27),(28)we have

Ftl~S2=κ il∩′~S2UK:ln“ ~"=κり1∩′~セ U(Kら∩“
~'2∩ κ%~“ )⊂

κ●
"~`2Uκゆ

~“ =

κ
(ワ〕∩′―
")U(ゆ

―
“)=f(r_, 1.e,

(29)κ tl_"⊂ κ
`_r

SinCe(S2~υ l)∩ (υ 2U″)=φ ,by(16)we have

(30)κl=καfor mch α∈S2~υ r
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Take any αoCS2~υ 卜 By(17)we have

r31)κ島=κ 10∩κjl_ザ

By(29■30),(31)we havethat κ島=κ 10∩ Xt]_s2=καO∩κil_"⊂καO∩κ′_,

(32)κ島⊂καO∩κ′_,

SinCe αOC S2~υ l⊂ S~′,by(15)we have

(33)καO=καO∩ κf_r

By(32),(33)'We have

(34)κ亀⊂κ:ご

By(20),(34)we have that

(35)κ 10=κ島∩κ場⊂κ島⊂κ10.

(35)lmeans that Clain1 2 holds.

Claim 3.κ :⊂κifor each α∈(sl∩ ″)u(S2∩ ″).

Proof of CIairn 3.Since(sl∩ ′ι)u(S2∩ ″)くこ″
~υ 2,by(16)WC have

(36)κ l=κα∩κ・2~“ fOr eaCh α∈(Sl∩ ″)U(S2∩ ″).

SinCe(Sl∩
“
)∩ (υ lu S2)=ψ and S2∩ ″⊂ υl n S2,then We haVe

(37)(sl∩ ″)u(s2∩ ″)⊂ (ノ1× ノ2-υ lu S2)U(υ l∩ S2)・

By(37)and(17)ヽ7e have

(38)κF=κ l for each αc(sl∩″)u(S2∩ ″).
By(1)― (13)we have

139)υ 2~″⊂′― S.

Take any αO∈ (Sl∩
“
)U(S2∩ ″)・ By(36),(38),(39)、

アe have

(40)κ鳩=κ10=καO∩κゅ_“⊂καO∩κ′__

SinCe αO∈ (Sl∩ ″)U(S2∩ ″)⊂ S~′ ,by(15)we have

(41)κ 10=κα。∩κ′_"

By(40),(41)w.e have

(42)κ島⊂κl″

By(20),(42)we have

(43)κ :0=κ鳩∩κ島⊂κ島⊂καO.

(43)means that Clain1 3 holds.

Claim 4. K';cK" for eachaerrflr-sz.
Proof of Claim 4. Since rrflr-s2crrr-sz,by(18) wehave

,that is,
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(44)κ l=καn κs2_′ l for∽ ch α∈υl∩ ′―s2.

SinCe(υ l∩′~S2)∩ (υ 2U″)=φ ,by(19)We haVe

(45)κり=κi for∽ ch α∈υl∩′~S2・

SinCe S2~υ lC S― ′,We haVe

(46)κ
"_.⊂
κs_"

Takeany αO∈υl∩ ′~S2・ By(44),(45),(46)we have

(47)κ鳩=κ10=καO∩ κ,2_.⊂ καO∩ κs__

SinCe αO∈ υl∩ ′~S2C′ ~S,by(15)we have

(48)καO=κα。∩κ`_.

By(47),(48)we have

(49)κ鶴⊂κα̈

By(20),(49)we have

(50)K10=κ ttnκ醜⊂κ罵⊂κ“0.

(50)means that Clairn 4 holds.

Claim 5.κ :⊂ κifor eachα ∈υ2∩ ′・

Proof of Clairn 5.By(37),(18)we have

(51)κL=κα for∽ ch α∈(sl∩ ″)u(S2∩ ″).

SinCe υl∩ ″~S2⊂υl~S2,by(18)we have

(52)κl=κα∩κs2_,l for each α∈υl∩ ″~S2・

By(1)― (13)we can easily show that

(53)″ ~υ 2={(Sl∩ ″)U(S2∩ ″)}U{υ l∩″―S2},

(54)s― ′=(sl∩ ″)u(s2∩ %)u(S2~υ l)・

By(51),(52),(53),(54)we havethat

κl―ゅ=κ社∩“)u("∩“)UK;1∩“
―
"=κ

(.∩“)u(シ∩“)U(κッ|∩・―s2∩
κ、一崎)

Cκ
(Sl∩
“
)U("∩

“
)UK'2~ワ 1=ff("∩

“
)U(S2∩ り υ(S2~,1)=κ ,一 r ,that iS,

(55)κ L~ツ 2Cκ
`― "

SinCe(υ 2∩′)∩ (υ lU S2)=φ ,by(18)we have

(56)κ l=κJor‐ ch α∈υ2∩ ′.

SinCe υ2∩ ′=υ 2~″ ,by(19)We haVe

(57)κが=κ l∩κ;_ゅ for each α∈υ2∩′・

Takeany αO∈υ2∩ ′・ By(55),(56),(57)wc have

(58)κ嶋=κ 10∩κl_′ 2=καO∩κ協_υ 2CκαO∩κ,_Ⅲ
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SinCe αO∈υ2∩ ′⊂
`~S,by(15)we have

(59)κ 10=καOn κs_「

By(58),(59)we have

(60)κ崎⊂κir

By(20),(60)we have

(61)κ l。 =κ島∩κ鳩⊂κ鳩⊂κα̈

(61)meansthat Claim 5 holds.

We have the decomposition of Irx J, into five parts as follows:

J rx Jz:l(J tx Jz- s U t)U (s n 4)U {sr- z,)u [(s1O z)U (s, n r)]U {rr n I - srJU {?,n r}

By the above decomposition and Claims 1-5, we have Proposition 46 in thecase

with (1) and (2).

Secondly for another case of Type4, by the simila r ways we can show

Proposition 46. Hence we complete the proof of Proposition 46.

Proposition 47.(Type6)For each intersectable system ω=(S,r)of Type6,we

havethat rω =lin STRF(ス /0)for each/∈ SOι (/。).

Proof.First we put S=ISIS2,S3)and r={′ 1,′ 2,′3}SuCh that

(1)Sl,S2,S3are 3× 3 blocks,

(2)′ 1,′ 2,′3 are COlunlnS,

(3)sin s′ =φ for'キス 1≦ j≦ 3,1≦′≦3,

(4)′ i∩ ′′=φ for jキ 方1≦
j≦ 3,1≦′≦3,

(5)si n`′ キφ for jュ 1≦ j≦ 3,1≦ノ≦3.

By(1)― (5)we can easily show that

(6)s=sluS2US3=′ lU′2U′3=′・

Takeany Sud°ku matriX κ=(κα)α∈ノlXノ 2∈ Sル

“

つくん/0)and Weput κ
′
=rO(κ )

=as,TxF).By definition we have

(7)ri=

K1       /ο ″α∈
(′ 1× ′2~SU′)U(S∩ ′)

κα∩κ′_,  ノο″αCS― ′
κα∩κ

`_′
  /ο″α∈′―S

By(6)we have

(3)(ム ×ノ2~SU′ )U(S∩ ′)=(ノ 1× ノ2~S)US=ノ 1× ノ2,

(9)S― ′=φ ,′―S=φ .

By(7),(8),(9)we have

(10)κα=κα fOr α∈′1× ノ2ユ。,

(11)rω =1.
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Thus we have (11) for the case of conditions (l) and (2).

By the same way we can show (11) for the other case of Type 6. Hence we have

Proposition 47.

Propos� on 48.(Type7)For each inters∝ table system ω=(S,T)of Type 7 there

exists an inters∝ table systems ωl=(S,Tl)of′ rype 2 such that r“ =TⅢ in

STRF(スメ。)for eachノ∈SOL(九 ).

Proof.We take an intersα,table system(S,r)of Type7.First,we assuine that

S={Sl,S2,S3)and T={`1,′ 2'3}SuCh that

(1)SliS a rOW and S2,S3are 3× 3 blocks,

(2)′ 1,′ 2,′ 3 are COlumnS,

(3)sin s′ =φ forjキス1≦ j≦ 3,1≦ノ≦3,

(4)′ ,∩ ′′=φ for,キ 31≦ j≦ 3,1≦′≦3,

(5)si n′′キφ for eachj,ス 1≦
j≦ 3,1≦ノ≦3.

By(1)― (5)we can choose a set Иl=|'1,'2,j3}⊂ノ1,■ 2={'4″ 5,'6}⊂ノ1,ス 3=('7,j8,ら }⊂ノ1

and SetS B]=|ノ1,ノ 2,ノ 3}⊂ノ2,32=1プ 4,ノ 5,′ 61⊂ノ2,B3={′ 7,ノ8,′ 9}⊂ノ2 SuCh that

(6)141,ス 2,■ 3)=11,2,3),14,5,6〕 ,{7,8,9}),

(7)IBl,32,B3}=|{1,2,3),14,5,6〕 ,17,8,9〕 ),

(8)sl=(,11×ノ2,

(9)S2=И 2× 31,

(10)S3=A3× Bl,

(11)′1=ノ 1× {ノ 1},

(12)′ 2=ノ 1× (ノ2),

(13)′ 3=ノ 1× {九 l,

(14)s=sluS2US3,′ =′lU`2U′ 3・

We put an intersα〕table system ωl=(Sl,Tl)of Type 2 as fo1lows:

(15)Sl={sI}and rl={υ l},where υl=И l× Bl.

Takeany SudOku matriX r=(κ Dα ∈ノlXノ 2∈
S″Tズ(ス九 )and Weput F′ =rよ κ )

=as,rxκ)and F‐ =r。 1(κ )=aSl,rl)(κ ).Thus we have

fX1       /ο″α∈(ノ i×ノ2~SU′)U(Sn′ )

(15)κ″=lκαn4_s  /ο′α∈s― ′       ,
lKα∩κ,一ι  ルグα∈′―S
fκα       /ο /α∈(ノ 1×ノ2~Sl U υl)U(Sln υl)

(16)κ」=lκα∩κ4_s1 /ο′αcsl―υl

lκα∩κ,l―υ1  /ο
′α∈υl― Sl

-106-‐



Mathematics and Sudoku V

By(1)― (15)we can easily show that

(17)(ノ l× ノ2~SU′)U(S∩ ′)=:(ノ 1× ノ2~Sl U υl)U(Sl∩ υl),

(18)s― ′=sl― υl,

(19)′ ―S=υ l― Sl.

By(15)― (19)we havethat

(20)κ:=κr for α∈ノ1×ノ2,L。 ,

(21)T。 =Tω r
′
I｀hus we have(21)for the case of conditions(1)and(2).

By thesame way wecan show(21)for the other case of Type7.Hence we have

Proposition 48.

Proposition 49.(Type8)Type 8 has two different types,Type8A and Type8B.

(a)For each intersectable system ω=(S,T)of Type8A,we have rω =l in

STRF(ス /。)for eachノ cSOι(/0).

(b)For each intersectable system ω=(S,T)of Type8B,we have intersectable

SyStem S ωl=(Sl,Tl)and ω2=(S2,7)。f Type2 such that T。 :≧ Tω l∩ Tω 2 in

SrRF(スメ。)for each/cSOL(/0).

Proof■We consider an intersectable system ω=(S,T)of Type8.For exainple

We COnSider the f。10Wing CaSe:We put S=IS,S2,S31and T=I′ 1,′ 2,′3)SuCh that

(1)slis a 3× 3 block,and S2,S'arerOWS,

(2)′ 1,′ 2ノ 3 are COlumnS,

(3)si n sJ=φ  for jキ■1≦ j≦ 3,1≦′≦3,

(4)′′∩′′=φ for jキ′,1≦′≦3,1≦′≦3,

(5)si∩ ′′キφ for,,ノ ,1≦
j≦ 3,1≦′≦3,

(6)s=sluS2US3,′ =`lU′ 2U′ 3・

By(1)― (5)we can choose sets 41=|,1,ら ,3}⊂′1,`42={'4,ち ,'6}⊂ノ1,43=('7,j8,ら}⊂ノ1
and SetS Bl={′ 1,ノ 2,ノ 3}⊂ノ2,32=1′ 4,′ 5,ノ 6}⊂ノ2,33=(ノ 7,角 ,ノ9}⊂ノ2 SuCh that

(7){И l,ス 2,ス 3}=11,2,3},{4,5,6),{7,8,9)},

(8)IBl,B2,B3}=11,2,3H4,5,61,{7,8,9}〕 ,

(9)Sl=41× βl,

(10)S2=Iダ }×ノ2,j・∈′2U43,'・キj■ `,

(11)S3={j… |×ノ2,jⅢ∈■2U43,j°キj“ ,

(12)′1=ノ 1× {月 ,

(13)′ 2=ノ l× {プ2},

(14)′ 3=′ 1× {九 l・

(15)υ 2=И 2× Bl,υ 3=ス 3× Bl
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Takeany sudoku matrix K:(K")".1,,1,eSMTXU,f o) and weputl('=7.(X)

: flS,flIf ). Thus we have

f" for aelJ tx J2- s u /)u(s n /)

(16) T(.= lX,nX,-, for det-s
l*.n *,-. fo/ ,.es-t

By(10)and(11)We haVetWO CaSeS:

Type8A:(D,1,・・∈42 or(il)j`,j・`∈И,

Type8B:(� ),'∈■2,″・∈И30r(iV)′ “∈42,′ '∈ 4,

We consider′ rype 8A We assurnethe condition(1). We put

(17)j・ =j4and i… =j6・

Claim l.κ′_s=ノ }

Proof of Claim l.By(1)― (15),(17)we have

(18)′―s={(た ,′ 1),c6,′ 2),(j6,ノ3)}U υ3・
By(SMTX)we have

(19)´(α )∈κα⊂′3fOr α∈ノ1×ノ2・

By(18),(19)we have

(20)スυ3)={スα):α∈υ3}⊂ UIκα:α∈υ3}=κ、⊂κ′―`⊂
ノ3

SinCe υ3iS a 3× 3 block,by(SD14)we have

(21)/l υ3:υ 3→ノ3 iS bijeCtiVe

By(21)we have

(22)スυ3)=ノ.

By(20),(22)we have

(23)κ
`_s=ノ
,

Thus we have Claim l.

Claim 2.κ s_′ =ノ 3・

Proof of Clain1 2.We assullle that

(24)κ s_`キノ,

SinCe κ2-′ ⊂ム,by(24)we have

(25)ノ3~κ s―′キφ・

By(1)― (17)we have

(26)s― ′=(S2~υ 2)U(S3~υ 2)・

By(19),(26)we have
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(27)ス S2~υ 2)⊂ r,2-ッ 2⊂ノ3,

(28)ス S3~υ 2)Cκも一υ2⊂ノ
“

By(26),(27),(28)we have

(ノ3~ス S2~υ 2))∩ (ノ3~ス S3~υ 2))⊃ (ノ3-κ s2_′ 2)∩ (ノ3-κ、_ゅ)=ノ3~κ s2-′ 2Uκ ,3-,2

=ノ3~κ('2~り U(｀ ~り =ノ3~κ s―′,ie,

(29)(ノ3~ス S2~υ 2))∩ (ノ3~ス S3~υ 2))⊃ノ3~κ ,一
"

SinCe S2,S3arerOWS and υ2iS a 3× 3 block,by(SDM)we have

(30)/I S2:S2~→ノ3 iS bijα〕tiVq

(31)/I S3:S3→ ノ3 iS bij∝ tiVe,

(32)/l υ2:υ 2→ノ3 iS bijeCtiVe

By(30),(31)we have

(33)ノ 3=ス S2)=スS2~υ 2)UスS2∩υ2),ス S2~υ 2)∩スS2∩υ2)=φ ,

(34)ノ 3=ス S3)=颯 S3~υ 2)UスS3∩υ2),ス S3~υ 2)∩スS3∩υ2)=φ・

By(33),(34)we have

(35)′ 3~ス S2~υ 2)=ス S2∩υ2),

(36)ノ 3~ス S3~υ2)=颯 S3∩υ2)・

By(29),(35),(36)we have

(37)ス S2∩υ2)∩ スS3∩υ2)⊃ノ3~κ s―″

SinCe′3~κ ,一 :キφ by(25),take any力。(=ノ3~Kl―″By(37)there exist α2,α3SuCh

that

(38)α 2CS2∩ υ2,α3∈ S3∩υ3andメ (α 2)=力 0=/(α 3)・

SinCe S2∩ S3=:φ by(3),by(38)、ve have

(39)α 2キ α,

By(38),we have

(40)α 2,α 3∈υ2andスα2)=スα3)・

(39)and(40)mean that/l υ2:υ 2→ノ3iS nOt bij∝ tiVe ThiS COntradiCtS tO(32).

Hence we have Claiin 2.

By (16), Claim 1, Claim 2 we have

lK" for ae(l1xJr- su4u(snr)
I

K;:lK"nK, FK,1J3:K" fot aet-s i.e,
I

lK.nK, ,: K"n Jt: K, for des-t
(41) K": K"for aeJrx J2.

(41) means that
(42) T.:r.

Thus, we have the required one for the condition (i). By the same way we can
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show(42)for the condition(ii〉 Thus we have(a)for Type8A.

Weconsider Type88. We assume the condition (iii). Weput
(43) ,': il and i':iz.
We put intersectable systems rrrr: (S,,?r), <.rr: (Sr,?r) of Type 2 as follows

(a4) 51: [s,], ?,:{a,},
(a5) Sr: [s3], r,:{u3J.

We put I(.: I",(I():4Sr,"rXI(). Thus we have

lK" for ae(J 1x J 2- szt) ozll)(sz|.oz\

146) K'.= |K"l'K",-', for aes2- rt2

I

lK"nK",-", for aeo2- s2

We put ffs = ?,,( K) =T\Sr,Tr)lK). Thus we have

κ
７
，
■
■

氏

καn κら~S3

καn κ、_ッ 3

/ο″α∈(ノ1× ノ2~S3U υ3)U(S3∩υ3)

/ο′α∈S3~υ 3            ,

/ο′α∈υ3~S3

Weput κ !=κ・ n κ l.

Claim 3.κ !≦ κ '.

Proof of Clairn 3. By(1)― (15)and(43)we havethe d∝ ompos�on ofノ 1× ノ2 intO

5-parts as follows:

(48)ノ 1× ノ2=■ UBUCUDUE;
(i)A=(ノ 1× ノ2~SU′)U(S∩ ′),

(�)B=S2~υ 2

(�)C=υ 2~S2,

(�)D=S3~υ 3,

(V)E=υ 3~S3

Case (i). Sincel.tandT.rare sudoku transformations by Proposition 42, by

Proposition l9 T. nT., is also a sudoku transformation. Thus we have

(49) K 1 : K' n K* : (7.,nr.,)(K) < K .

Take any aeA. By (49) we have

(50) rlcr".
By (16)
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(51)κ i=K『

By(5o,(51)we have

(52)κlcK[

Case(�).Take any α∈B.By(1)― (15)and(43)we have

(53)α ∈S2~υ 2⊂ S― ′

(54)α∈(ノ 1×ノ2~S3U υ3)U(S3n υ3),

(55)υ2~S2C′ ~S.

By(16),(46),(47),(53),(54)we have

(“)κl=κα∩κ′_s,

(57)κ l=κα∩κν2~,2,

(58)κ震=κα.

By(55),(56),(57),(58)we have

Fi=κ l∩ κl=(καn κゅ―s2)∩κα=καn κゅ―
"⊂

κα∩κ′―`=κ li・
。,

(59)Kl⊂κよ

Case(�).Takeany α∈C.By(1)― (15)and(43)we have

(60)α∈υ2~S2C′―S,

(61)α∈(ノ1×ノ2~S3U υ3)U(S3∩υ3),

62)S2~υ 2CS~′・

By(16),(46),(47),(60),(61)we have

c3)Fi=καn 4_′ ,

(“)κl=καn 42~々
'

(65)κ l=κ
『By(62),(63),c4),(65)we have

κ:=K:∩κよ=(κα∩κ
"~″
2)∩
κα=κα∩κS2-υ 2⊂καn κ

`―
′=κl it,

(“)κ l⊂κr

Case(iv).Takeany α∈D.By(1)― (15)and(43)we have

(67)α C S3~υ 3⊂ S― ′,

(68)α∈(ノ 1×ノ2~S2U υ2)U(S2∩υ2),

(69)υ 3~S3C′ ~S.

By(16),(46),(47),(67),(68)we have

(70)κ i=κα∩κ′_,,

(71)κ l=κα,
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(72)κ l=καn κ,3_sr

By(6%(70),(71),(72)we have

Fi=κ l∩ κι=κα∩(κα∩X′ 3~■)=κα∩κυ3~｀Cκα∩κ′~S=κ l ie,

(73)κ :⊂κ[

Case(v).Takeany α∈D.By(1)― (15)and(43)We have

(74)α∈υ3~S3⊂′~S,

(75)α c:(ノ1× ノ2~S2U υ2)U(S2∩υ2),

(76)SO~υ 3⊂ S― ′.

By(16),(46),(47),(74),(75)we have

(77)κ :=καn κ
`_′

,

(78)κ :=κα,

(79)κ l=κα∩κ
"_ッ
r

By(76),(77),(78),(79)we have

Xl=κ :∩κ歯=κα∩(κα∩κち―も)=κα∩κぉ―υ3⊂κα∩κs―′=Fl it,

(80)κ :⊂κよ

By (52) in case(i),(59) in case(ii), (66) in case(iii),(73) in case(iv), (80) incase(v)and
(48) we can show Claim 3.

Claim 3 means that (b) holds.

Thus, weshow Proposition 49 for the condition s (1) and(2). By the same way we

can show Proposition 49 for the other conditions. We complete the proof of

Proposition 49.
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