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We discuss on the worldwide famous Sudoku by using mathematical
approach. This paper is the 5th paper in our series, so we use the same
notations and terminologies in [1] —[4] without any descriptions.

9. Classification of intersectable systems II.
This section is a continuous section of previous section 8. We consider some
basic relations among some types in the section 8.

Proposition 45. {Type 3} For each intersectable system w =(5,T) of Type 3, we
havean intersectable system w,=(S,,T7\} of Type2 suchthat7,=T, in
STRF(f.f,) for each feSOL{f,.

Proof. Wetakean intersectable system (S,7) of Type 3. First, weassume that
S={s51,8,} and T={t,,¢,} such that

(1) s, and s, are3x 3 blocks,

(2) {,and t, are columns,

3 s Ns.=¢,

) Hnt,=9,

) s;Nnt;x=¢ foreachsj,1=i<2, 155502
By the above conditions (1)—(5) there exist the unique 3 x 3 block # and the unique
column v such that

B)sNu=¢ and s;Nu=¢,

7 ENnv=¢ and ,Nnv=4¢,

8 s;Us;Uu=HUtUw.

Weput §,={u} and T,={v}. Sincexnvx¢ by 8), w,=(5,T;} is an intersectable
system of Type2. Takeany sudoku matrix K=(K,)ac) «;,ESMTX(f.fo} and

weput K'=T, K)=T§TV(K)and K" = Tml(K}=T(Sl.T1)(K). Thus by definitions,

we have
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K, Jor ae(J X J,~(5:Usp)U(HU L) U((51Us)N(E U L)
O K.={KoNKyui,—sus, for a€s;Us,—HUl ,
KanKslusz—rlurz for acstiUt,—s,Us,
K, for as{J, x J,—uUv)U{eNv)
100 K =1K,nK,_, for acu—v
K.nK, , for acv—u

By (1)—(8) we have

AL JixJa—(s1Us)U{HUt) =(J1 X Jo—5:Us;Ua) U (s, Us;Un—(5:Us) U (U L)),
(12) s,Us,Uu—(5,Us)U{{Ut)=n—t UL, =uNw,

(13} (s;Usp)N(t Uty =s,Us;Uu—uUv.

Thus, by (11)—(13) we have

(J1X Ja=(s1Us)U (8 U2))U((5,U s2) N (1 U 1)}
={(iXJ:—siUs;UaU(nne)U(s,Us;Uu—ulv)

=(JiXJ,—uUv)U(xnv), that is,

(M} (1xXJa—(51Us)UHULBNU(s Us)N(HUL)) =] X J;—uUv)U(zNv).
Moreover, by (1)—(8) we have

(15 s\Us;—fHUl=v—u,

{16} LU, — s\ UsSy=u—v.

By (9), (10}, (14), (15), (16} we have

(17) K,=K, for eachae ], x J,.

By (17) we havethat T (K}=T, (K) for each K =(K,)acj,x;, ESMTX(f,f0), L€,

(18) T,=T.,.

Thus, in this case we show the required one

Secondly, we must consider the case,

{(19) tand f,arerows.
In this case{19), by the similar way as the case(2) we can show (18}, Hence we
complete the proof of Proposition 45,

Proposition 46. (Typed) For each intersectable system o =(S,T) of Type 4 there
exist intersectable systems w,=(S,T,} and w,={S,,T;) of Type2 such that
7,2T,°T, NTy°T,,, e, NST)ZT\ S, T,)T(S,T) N T{85,.T,)oT(5,,T5} in
STRF(f.f,) for each feSOL(f,).

Proof. Wetake an intersectable system (S,T) of Type4. First, we assume that
S=151,5;} and T={¢,,t,} such that

(1) s;isa 3x 3 block and s, is a row,
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(2} ¢, and t, are columns,

3B} siNs, =9,

) hnt,=¢,

(B} s;nt;>x¢ foreachi,j1<i=2 1<j<g2

By (1)—(5) we can choose sets A, =1i,i»nis}CJ,, Ay={iyisig)C )y, Ay={inigis}C ],
and sets B, ={ji,j2 i3} T J2 Ba={inisis)J2 Ba={injajs}<Jz such that
6) {A1,AnAs) ={{1,23){456}7.89],

(7) {B1, By, B3 ={{1,2,3},{4,5,61,{7,8,9]},

8) s;,=A,X By,

9) so={i X ],

10) &, =Jx {7},

(D) t,=J1 x{7s}-

We put intersectable systems (5,,T)) and (S,,T,) of Type 2 as follows:
(12} S,={s,} and T,={v,}, where v,= A, X B,

(13) 8§;={u} and T, ={v,}, where u=J,X{j3} and v,= A; X B,.
Takeany sudoku matrix K =(Ko)eey,x;,ESMTX(f.fo) and we put K’

=TS, TN K). Thus wehave

(14) s=5,Usy t=4HUL,,

K, for as(J1x J.—sUHU(sNE)
(15) K.={K.nK, , for act—s

K.NK, , foracs—i

Weput K*=T(S,,T\)(K) and K*=T(S,, T,}K*). Thus we have
K, for ac(Ji X J,—uUv)U{uNvy)
(16) Ky= | KuN K, u, for a€v,—

1

K.NK,, ., foracu—y,
K for as(J,; X J,—s;Uv)U(s2Nvy)
17) Ke=1K:NK;,_, foracv,—s,
K:nK; ., for ags;—v,
We put K*=T(S, T,)(K) and K#=T{S,,T,)(K*). Thus we have
K, for ac(J1 X J:—s5;Ur))U(s;Nvy)
(18) Kt= K,,,r']Ksa_y1 for acv,—s,

K,,I‘IK,,],,2 for acs,—v,
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K} for as(J X J;—uUv)U(une,)
(19 K¥=|KinKi_,  for acv,—u
KinK} _, for asu—v,
Weput K'=(T(S, T)o TS, TYN TS, T TS, T K)=K*n K™, ie,
(20) K:=K2nK% for ac ] X /.
We must show
2l K'=K'.

Claim 1. K.cK, for eachae({J, X J,—sUt)U(snt).
Proof of Claim 1. Since T{S,To)o T{S,T1) N T(S1,T1)o T(S2,Ty) is a sudoku
transformation by Propositions 19, 20 and 42, we have
22) K'<K.
Takeany ac(J,X J,—sUHiu(snt). By (22) we have
23) K.cK,.
By (15) we have
24) K.=K,.
By (23) and (24) we have
25) K.cK..
Hence, by (25), we have Claim 1.

Claim 2. K.c K, for eachaes,—v,.
Proof of Claim 2. By (1)—(13) we can easily show that
28 v —sy=v 1NV u)— s, ={v 1 NE=35)U (v N—53),
(26) (viNE—=s)U(vy—u)=1f—s.
Since (v, N{—sy)N(v:Uu)=¢, by (16) we have
20 K=K, for eachacsv,Nt—s,.
Since v, Nu—$,Cu—v,, by (16) we have
(28) K;=K.nK, _, for eachasv,Nu—s,.
By (25),(26),(27),(28) we have
Ko =Konr o UK = Ko i UKy nuey N Koy ) Ky UK,
K(ulntusz)u(vz—u):Kt-s- ie,
29 K, . cK, ;.
Since (s;—v)N{v,U u)=¢, by (16) we have

(30) K,=K, for eachaess,—v,.
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Takeany a;es,—v,. By (17) we have
(6D Ki=KinK; .,
By (29),(30)(31) we havethat K =K, NK; _, =K, nK}

v1—S$y

cK,NK, ,  thatis,

32) Ky cK,NK, ,.

Since a,es,—v,Cs—f, by (15) we have
{33) K;DzKaunK,,,.

By (32),(33) we have

(34) KZ*QCK;U.

By (20),(34) we have that

(35) KL():K;*Oan,‘;CK;‘DcK;OA

{35} means that Claim 2 holds.

Claim 3. K .c K, for eachae{s,Nu)U(s,Nx).
Proof of Claim 3. Since(s,N#)U{s,Nu)Cu—wv,, by (16; we have
(36) K,=K,nK, _, for eachae(s Nu)U{s;Nx).
Since(s;N#)N{v,Usy)=¢ and s;NuCw,;Ns, then we have
@B {(sinuU{s;Na)C{J1 X J2~v1Us)U (v N 5,00
By (37)and (17) we have
(38) K=K for eachac{s nu)U{s.Nu).
By (1}—{13) we have
3% vo—uci—s.
Takeany ags(s,Nu)U(s;Nu}. By (36),(38),(39) we have
40) K=K, =K, nK,_,cK,NK, ..
Sinceay=(s;Nu)U(s;Nu)Cs—{, by (15) we have
(41) K;0=KaonK,,s.
By (40),i41) we have
(42) KZ.‘;CK;O.
By (20),42} we have
43) K, =Ky nK¥CKucK,, .
(43) means that Claim 3 holds.

Claim 4. K!c K, for eachacsy,Nt—s,.

Proof of Claim 4. Since v,N¢—5,Cv,— 35, by (18} we have
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(44) Ki=K.nK,,_, foreachacys nt-s,.
Since (v, Nt—s)N(r;Vu)=¢, by (19) we have
45) K¥=K? for eachacsv, N{—s,.
Sinces,—v,Cs—¢, wehave

(46) K.,_, CK,_,.

Takeany ayv, Nt —s,. By (44),(45){46) we have
47 K¥=Ki =K, nK, ,cK,NK.,.
Sinceagsv,Ni—s5,Cf—3s, by (15 we have
48) K, =K, NK,_,.

By (47),(48) we have

(49) K¥cK,, .

By (20},(49) we have

(50) Ko =KENK cKIcK,, .
{50) means that Claim 4 holds.

Claim 5. K.c K, for eachacuv,nt.
Proof of Claim 5. By (37),(18) we have
(561) Ki=K, for eachac(s;Nu)U(s:Nu).
Since v, Nu—s,Cv;— S5, by (18) we have
(52) Ki=K.NK,,_, foreachacv,Nu—s,.
By (1)—(13) we can easily show that
(53) u—vy={(siNu)U(s;Nu}U{v Nu—s,},
B4y s—i=(s;Nu)U(syNu)U(s3—vy).
By (51),(562),(63)(54) we havethat
Kﬁ-u2=K?slnu)u(sznu)UKﬁlnu—%:K(slnu)U(sznu)U(Kulnu—sznKsrv,)
CK(slnu)U(sznu)UKsz—v]:K(slnu)u(sznu)u(sz—vl)zstl , that is,
(55) K

A . QU
Since(v2NHN(v,Usz)=¢, by {18) we have
(56) K*=K, for eachacuv,nt.

Sincev,Nt=v,—u, by {19 we have
(57) K¥=KinKj_,, for eachacu,nt.
Takeany a,=v,Nnt By (55),(56),57) we have

(58) K¥=KinK., , =K, nK| ,cK,nK,_, .
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Sincea,sv,NtcCi—s, by (15) we have
59 K=K, NK,_;.

By (58),(59) we have
60) K¥CK,,.

By (20},(60) we have
61) K: =KonKHcK¥cK, .

(61) means that Claim 5 holds.

We have the decomposition of J, X J, into five parts as follows:

IiX Ta={(/1X Ja—suhU(sn U {s;— v JU{(siNu)U(s2N )} U{v N E—s5)U{w,n 1)
By the above decomposition and Claims 1—5, we have Proposition 46 in the case
with (1) and (2).

Secondly for another case of Type4, by the similar ways we can show
Proposition 46. Hence we complete the proof of Proposition 46.

Proposition 47. (Type6) For each intersectable system o ={(S,T) of Type6, we
havethat T,=1in STRF(f,f,) for each feSOL(f,).
Proof. First we put §$={s,,5,53] and T={#,,{,¢5} such that
(1} §y,555; ared x 3 blocks,
(2) t,E5t; are columns,
(3) s;ns;=¢ forixj 1<i<3, 1<7<3,
) tint,=d forixj 1=<i<3, 1=5/<3,
(5) s;:né;x¢ fori,f;,15i<3,1</7<3.
By (1)~ (5) we can easily show that
(6) s=s,Us,Us3=FULUEH=L.
Take any sudoku matrix K=(K,)aej,x;,ESMTX{f,fy) and we put K'=T (K)

=T(§TYK). By definition we have

K, for ac(]yx J,—sufHu{snt)
7 K.=!K,nK,_, for acs—#
K.nK,_, for act—s

By (6) we have

®) (J1XJa=sunU(sn=(J1x J,—s)Us=J, X ],
Q) s—t=¢, t—s=¢.

By (7),8),(9) we have

(10, K, =K, foracs ], x J,, ie,

11 T,=1.
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Thus we have (11) for the case of conditions{l) and (2).
By the same way we can show (11) for the other case of Type6. Hence we have
Proposition 47,

Proposition 48. (Type7) For each intersectable system o =(S,T) of Type7 there
exists an intersectable systems @, =(S,,T}) of Type2 suchthatT,=7, in
STRF(f,f,) for each fESOL(f,).

Proof. Wetakean intersectable system (S,7) of Type7. First, we assume that
S={s1,5553} and T={#,,¢,,¢;} such that

{1) s;isarowand s,s;are3x3J blocks,

(2) #,15%; are columns,

3) s;ns;=¢ forixj1<i<3,1<7<3,

M) t,nt,=¢ forixjl<i=31=<j=<3,

5) s;Nt;x¢ foreachi,j1<i=<3,1=<j<3.

By (1)—(5) we can choose a set A ={iyiyis}CJ;, Ap={inisisCJ\ As={inigisCJ,
and sets By ={jujnj3}CJ2 Ba={jsisis) < Jo Bi={inisto}CJ, such that

6) (A4, A5 ={{1,23)456)(7.891},

(7) | B, By B3 ={{1,2,3),{4,5,6}1,{7.8,9}},

® si=(i)) X Jo

9) s,=A,x By,

(10} s3=A;x By,

AL {,=J1 %X {7},

(12) ty=J1 X {7s)s

(13) t5=T1 X {7},
(14) s=s5,Us;Usq, I=HUL UL,

We put an intersectable system ,=(S5,,T,) of Type 2 as follows:
(15) S;={s;} and T, ={v,}, where v,=A,X B,.
Takeany sudoku matrix K ={K,)sc; x;,ESMTX(f,fo) and weput K'=TK)

=TST)K)and K" ' = T.(K)=T(S,T,)(K). Thus we have

K, for ag(J. X J,—suHu(sni)
s K.={K,.nkK,_, for acs—1t
K.nK,_, for act—s

Ka fOf a’E(]l)(]z—S]le)U(slﬂvl)
16) K, =|K.NK, for aes,—v,

K.NK, for asv,— s,
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By (1)—(15) we can easily show that

A7) (J1x J,=sUuhu(snt)=(/1 X J,—s;Uv)U(s1Nvy),

(18) s—t=35s,—1y,

(19) t—s=v,— ;-
By (15)—(19) we have that

(200 K,=K, forac] x J, ie,

ey 7,=T,,.
Thus we have{21) for the case of conditions (1) and {(2).

By the same way we can show (21) for the other case of Type7. Hence we have

Proposition 48.

Proposition 49. (Type 8) Type 8 has two different types, Type8A and Type 8B.

{a) For each intersectable system w =(85,T) of Type 8A, wehaveT,=11in
STRF(f,f,) for each feSOL{fy).

(b} For each intersectable system @ =(S,T) of Type 8B, we have intersectable
systems w,=(5,T)) and @,=(S,,T;) of Type2suchthat7,=T, NT,, in

STRE(f,f,) for each feSOL{fy).

Proof. Weconsider an intersectable system o =(S,T) of Type8. For example
we consider the following case: We put §={s,,s,5;} and T={{,,f,,¢;} such that
s;1s a 3x 3 block, and s;,5; arerows,

) t,it; arecolumns,
Js;ns;=¢ forixjl<i=<3 15553,
) t,nt;=¢ forixjl<i<3 1=<j<3,

G) sint;x¢ fori,;,1=i<3,1=j=<3,

By s=s,UsUss, t=HUEHUL.

By (1)—(5) we can choose sets A, ={i}i5is}C ], Ay={iginig) ST, As={inigis} ],
and sets By ={7,,jn 73} <3, By={jsJ54s|C J 2, B3={in7sJs}C J5 such that

(7) {A,A»Aq4)=({1,2,3},{4,5,6),{7,8,9}},

(8) |By,By,B;) ={{1,2,3},(4,5,6},{7,8,9}],

9) s

@
(2
(

s1=A; X By,
SZ_{ }XJZ’ i EAZUA:;, i #1“,

=T x{i}

U2=A2xBl, ?)3=A3XBI
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Takeany sudoku matrix K =(Ko)ae s x;,ESMTX(f,fo) and we put K'=T (K}

=TS TYK). Thus wehave

K, Jor acs(J, X J,—sUufuisni)
(16) K.=|K.NK,_, for act—s

K.NK,_, forass—t¢

By {10)and (11} we have two cases:
TypeBA: (1) iti*eA,or (i) i i A,
Type8B: (ili} "€ Ay i€ Az 0r (iV)i"€ A, i*c A,

We consider Type 8A. We assume the condition (i, We put

a7 i*=i,and i" =i,

Claiml. K, =],
Proof of Claim 1. By (1)—(15),(17) we have
(18) t— s ={({a i )W{iaih(ials)}Uvs.
By (SMTX) we have
(19) flaye K, = J; for ae J1 X J,.
By (18), (19) we have
20) flvy)={Aa)acvjC U{Kn3aevs}:Ku3CK:-sCfa-
Since v, is a 3 3 block, by (SDM) we have
(21) f | w3ivg— [ is bijective.
By {21) we have
22) flvg)=1Ts.
By (20), (22) we have
23) K,_.=J,.

Thus we haveClaim 1.

Claim2. K. _,= /],
Proof of Claim 2. We assume that
(24) K, =],
Since K,_,C J;, by (24) we have
25) J3—K,_,x¢.
By (1)—(17) we have
(26) s—t=(s,—v3)U(S3—v3).
By (19}, (26) we have

— 108 —



Mathematics and Sudoku V

(27) f(SZ_UZ)CKsz—vZCJS:

(28) fls3—vp)CK,, ,,CJs
By (26), (27), (28) we have

(Js= Asa— v (T3~ f(s3— v ))2(Js— K,  )N(J:— K, .. )=T:—K,,_, ,UK, _,,
==K, vyugsy-vp=Js— Kooy e,

29) (Js—fs;—v)N(J3— f(s3—vy) 2 3—K,_,.
Since s,,5; arerows and v, is a 3 X 3 block, by (SDM) we have

(30) 1 s,:85,—J5 is bijective,

(31) £ | s4:8,— ] is bijective,

(32) f | vyivy—J,is bijective.
By {30),(31) we have

(33) Ja= f(S2)=f(s2—v3) U f(52Nvy), f(s2—va)N f(5:Nwp)=¢

(34) J3= f(s3)= f(s3—va}U f(saNvy), f(s3—v)N f(s3Nwy)=¢.

By (33}, (34) we have

(35) J3— f(s2—vy)= f(s2Nwy),

(36) J3— f(s3—vz)=f(s3Nvy).
By (29), (35), (36) we have

37 fisanva)N flssNuv)oJ;— K,

Since J;~ K, _,> ¢ by (25), take any kys J;— K,_,. By (37) there exist ay, a; such
that

(38) ayes5;Nvy azeszNvyand flag) = ke= flay).
Since s;,Ns5;=¢ by (3), by (38) wehave

(39 a;xa,.
By (38), we have

{40) az az€ vy and flag) = flay).
(39) and (40) mean that f | v.:v,—J; is not bijective. This contradicts to(32).

Hence we have Claim 2.

By (16), Claim 1, Claim 2 we have

K, for ac(J X J,—suhuisnt)
K.=|K.NnK, ,=K.nJ;,=K, foraci—s ie,

K.nK,_=K,nJ;,=K, foracs—t

41) K,=K, for acJ X J,.

{41) means that

42) T,=1.

Thus, we have the required one for the condition {i). By the same way wecan
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show (42) for the condition (i}, Thus we have(a) for Type 8A.

We consider Type 8B. We assume the condition (iii). We put
(43} i*=i, and i*=i;.
We put intersectable systems @, =(S,,T)), @,=(S,T,) of Type 2 as follows:
(44) S;={ss}, T1={vy},
(45) Sp={s3}, To={v3}.
Weput K*=T, (K)=T(5,T,)(K). Thus we have
K. for ae(J1 X J—s;Uv)U(s:Nvy)
46) K== |K.NK,,_,, for acs,— v,
K.NK,,_,,
Weput K*=T, (K})=T(S,T,)(K). Thus we have

for acv,—s;

K, for ac(J X J,—s3Uv)U{(s:Nwy)
47 Ki=K.NK, ., for agsy—v; ,
K.NK, _,, for acv;—s;

Weput K'=K*nK*.

Claim3. K'=K'.
Proof of Claim 3. By (1)—(15) and (43) we have the decomposition of J, X J; into
5—parts as follows:
48) I1x J,=AUBUCUDUE,
) A=(J,xJ.—suhuisnd),
ii} B=s,—v,

(
(
(ifi) C=v,— s,
(iv) D=s3—1u3,
(

v) E=v;— s,

Case (i). SinceT, andT,, aresudoku transformations by Proposition 42, by
Proposition 19 T,,,,1 NT.,, is also a sudoku transformation. Thus we have
(49) K' :K‘nK“=(T¢,,1nT,,,2)(K)§K .

Takeany ac A. By (49) we have
(50) K:cK,.
By (16)
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6Bl K,=K,.
By (50) ,(51) we have
(52) K.cK,.

Case (ii). Takeany aeB. By (1)—(15)and (43) we have
93) ass,—v,Cs—t

4y as(J, X Ja—s3Uv3)U(s3Ne3),

(55) vy—s,Ct—s.

By (16),{46),(47),(53),(54) we have

(56) K.,=K.NK,_,,

(57) K;=K.nK,, _,,,

58) Kt=K,.
By (55),(56),(57),(58) we have

K,=K.NKi=(K.NK,_,)nK,=K.NK,_,,CK.NK,_,=K, ie,

"z—-"z)

(59) K\cK..

Case(iii). Takeanyae(. By (1)—(15) and (43) we have
60) acsv,—s,Ct—3s,

61) acs(J, X Jy—s3Uwv3)U(s3Nvy),

62) s,—wv,C5— 1.

By (16),(46),(47),(60),(61) we have

63) K.,=K.nK,_,,

64) Ki=K.NK,,_,,,

65) Ki=K,.
By (62),(63),(64),(65) we have
K:’,=K;ﬂKﬁ=(K,,nK,Z,ﬂz)nKa=K¢nKSz_u2CKan Ks—t:Kr; ie,

66) K.cK..

Case{iv). Takeanyac D. By (1)—(15) and (43} we have
67) ass;—vyCs—t,

68) as(J, X J2—5;Uw3)U(s:Nvy),

69 vy;—s3Ct—s.

By (16),(46),(47),(67),(68) we have

(70) K,=K,nK,_,,
(71) K=K,
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(72 Ki=K.nK,,_,,
By (69),(70)(71),(72) we have
Ki=KinKi=K.n(K.NK,_)=K.NK,_,cK.NK, =K, ie,
(73) K\CK,,

Case(v). TakeanyaeD. By (1)—(15 and (43) we have

(74) aev;—s5,Cf—3s,

(75) acs(J1X Jo—sUvU(s:Nvy),

(76} s3—wvsCs—1.

By (16),(46),(47),(74),(75) we have

77 K,=K, ﬂK, ¢

(78) K

(7 )K::KaﬂKss_,,a.

By (76),(77),(78),(79) we have
K},:K;nKﬁ=K,n(KaﬂKsa_%):KanK53_,,3cKarle_,=K; ie

80y K.cK,.

By (52) in case(i), (59 in case(ii), (66) in case (iii), (73) in case{iv), (80} in case(v)and
{48) we can show Claim 3.

Claim 3 means that (b) holds.

Thus, we show Proposition 49 for the conditions (1) and (2). By the same wéy we
can show Proposition 49 for the other conditions. We complete the proof of
Proposition 49,
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