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We discuss on the worldwide famous Sudoku by using mathematical

approach. This paper is the 6th paper in our series, so we use the same

notations and terminologies in L1l -l5lwithout any descriptions.

10. Classification of intersectable systems III.
This section is a continuous section of previous sections 8 and 9. We

consider some basic relations among some types in the section 8.

Proposition 50. (Type 15) For each intersectable 9- system c, : (S,?) of Type 15,

we have that ?. = 1 in STRF(/,/o) f or egch f eSO4f o).

Proof. Since rrr = (S,?) isType15 wecan put S: {s r,s 2,s3,sa,s5,s6,s7,s6,se} and?
: lt yl2,l3,l a,l5,t 6,t 1,r8,re) such that

(1) a Il s, ,1 S , < 9, are rows,

(2) all ,, ,1< j=;9, are columns,

(3) s,n sr:4 tot i+ j,1<i=9,1< jsg,
(4) t fit j:0 for i + r, 1< iS 9, 1< j< 9,

(5) si n r,+ C for d,r, 1<i<9, 1S j59,
(6) s : U {s1 : i = 1,2,...,9]1, t : U lt j: j : 1,2,...,9j.

Takeany sudoku matrix K =(K")"a.,a,eSIIITXU,f o) and put K =7.(K)
:71S,?XK). We have

(7)κα=

K" for ae(Irxlz- sU4U(sn4
K"nK, t for aet-s
KdnKt-, fot qes-t

Bv (1)-(6) we can easily show that
(8) s:J,xJr:t.

By (8) we have

(9) sUr:/rxJfr=snl,
(10) (,Ir x /2- s U r) U(s n r)=,Ir x /r,
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北本卓也・渡遷 正

(11)S― ′=φ ,`― S=φ .

By(7)and(9),(10),(11)we have

(12)κ :=καfor α∈ノ1× ノ,

(12)ineans that rc=1.Hence we have Proposition 50.

Let X be a subset ofノ land y be a SubSet Ofノ 2With l χ l=lyl=″ .We put

that X′ =ノ1~χ and y′ =′2~y・ We putthat S=IS戸 ∈χl,Si={′ }Xノ 2 and

r={′メノ∈y},′′=ノ 1× {ノ }・ AIso we put that S′ ={si′ :,′∈χ′},si′ ={j′ )×′2and T′

={′ ;′ :ノ
′∈y′

},オ ;′ =ノ 1× {′
′
}.

Thus ω=(s,r)and ω′=(s′ ,T′ )are inters∝table″ _system and inters∝ table

(9-″ )一 SySteln,reSpα 〕tively.WeSay that ω
′is a dualintersα)table systeln of ω

Proposition 51.If ω′=(S′ ,r′ )is a dualintersα〕table(9-″ )― systein of

an inters∝ table″ ―system ω=(S,7),then T。 =r。′in STRF′ ス九)for each

/∈ SOι (/o)・

Proof. By definitions、 ve have that

(1)χUχ
′
=ノ 1,X∩χ

′
=φ ,

(2)yuy′ =ノ 2,y∩γ
′
=φ ,

(3)lχ l=lyl=″ ,0≦ ″≦9,

(4)s=UIsi:,∈η andr=U〔′′:ノ∈η,

(5)s′ =u(si′ :j′∈χ′l and′
′
=u{′′′:ノ
′∈y′

}・

Takeany SudOku matriX κ=(κα)α∈ノ1×ノ2∈ S″7Xじ /。).We put κ・=rω(κ )

=as,Txκ)and κ“=T。′(κ)=as′ ,T′ xκ).we have

κα     /ο″α∈(ノ 1× ノ2~SU′ )U(S∩ ′)
κα∩κs_1 /ο″α∈′―S         ,
καn κ′_, メο′α∈S―′

(7)KF=

Xし      /ο /`rC(ノ 1× ノ2~S′ U′′)U(S′∩′
′
)

κα∩κ
“
_″ /ο″α∈/― S′

καn κ″_,′ /ο″α∈S′―′
′

By(4)we have

(8)s=u(si={j}×ノ2'∈χl=(U{{1■ ∈χl)×ノ2=χ×ノ2,

(9)′ =UIら =ノ 1×け):′∈yl=′ 1× (UI′ }:′∈y))=ノ 1× y,

(10)SU′ =χ×ノ2Uノ 1× y・

By(1),(2),(10)we have

ノ1× ノ2~SU′ =(χ Uχ
′
)× (yUy′)~χ×ノ2Uノ 1× y

=χ×yUχ×y′ Uχ
′
×yUX′ ×γ′―X× (yUy′ )U(χUX′ )× y

(6)κi=
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=χ×yUX× 7′ UX′ ×yUχ′×y′ _χ×yUX× y′ Uχ
′
×y

=χ
′
×y′ ,ie,

(11)ノ l×′2~SU′ =χ
′×y′・

By(8),(9)we have

(12)sn′ =χ ×y.

By(11),(12)we have

(13)(ノ l× ノ2~SU′ )U(S∩ ′)=X× γUχ
′×y′ .

By(1),(2),(8),(9),(12)we have

(14)s― ′=s― s∩′=X× ノ2~χ×y=χ×(ノ2~7)=χ×y′ ,

(15)′ ―s=`一 s∩′=ノ 1× y― X× y=(ノ l―χ)× y=χ
′×y・

By(5)'We have

(16)s′ =u{si.=1/}× ノ2'′∈X′}={U{{′
′
|:j′∈χ′))×′2=χ′×ノ2,

(17)′
′=u[)=ノ 1× {′′}:′′∈y′}=ノ 1× (U{I′

′
}:′
′∈y′ })=ノ 1× y′ ,

(18)s′ u′
′
=χ
′×′2Uノ 1× y′・

By(1),(2),(18)we have

ノ1× ノ2~S′ U′
′
=(χ Uχ
′
)× (yUγ
′
)~χ
′×′2Uム ×y′

=χ×yUχ ×y′ Uχ
′
×yuχ′×γ′―χ′×(yUy′)U(χ Uχ′)× y′

=χ×yUχ ×y′ Uχ
′
×yUχ′×γ′―χ′×γUχ′×y′ Uχ×y′

=χ×y,i.e,

(19)ノ 1× ′2~S′ U′
′=X× y.

By(16),(17)we have

(20)s′ ∩′
′
=χ
′
×y′ .

By(19),(20)we have

(21)(ム ×ノ2-s′ u′
′
)u(s′∩

`′

)=X× yUχ′×y′ .

By(1),(2),(16),(17),(20)we have

(22)s′ ―′
′
=s′―s′∩′

′
=χ
′×ノ2~χ

′×y′ =X′ ×(ノ2~γ
′
)=X′ ×
y,

(23)′
′―s′ =′
′―s′∩′′=ノ 1× y′―χ

′×y′ =(ノ 1-χ
′
)×
y′ =χ×y′ .

By(13),(21)we have

(24)(ノ 1× ノ2~SU′ )U(S∩ ′)==(′ 1× ノ2~S′ U′
′
)U(S′ ∩′

′
)・

By(14),(15),(22),(23)we have

(25)s― ′=′
′
― s′ ,

(26)′ ―s=s′ ―′
′
.

By(7),(24),(25),(26)we have

(27)κF=

κα     /ο ′αC(ノ 1× ′2~S′ U′
′
)U(S′ ∩′

′
)=(ム ×ノ2~SUり U(S∩ ′)

κα∩κ _ゞ″ =κα∩κ′_` /ο″α∈′
′―S′ =S― ′

καn κ″_`′ =κα∩κs_′  /ο″α∈S′―′
′
=`― S

By(6)and(27)we have
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北本卓也・渡遷 正

(28) Ki= Ki for aeJLx J2.

(28) means that ?, = ?.,. Hence we com plete the proof of Proposition 51

Corollary 52. (Type 11, Type 12, Type 13,Type 14)

(a) Each inter sectable 8- system or of Type14 and theitsdual intersectable

1-system <o'of Type 1 induce the same sudoku transformation ?,:?.,.
(b) Each intersectable 7-system or of Type 13 and the its dual intersectable

2- system <o' of Type 5 induce the same sudoku transformation T.:7.,.
(c) Each intersectable 6 - system or of Type 12 and the its dual intersectable

3-system or'of Type9 induce the same sudoku transformation ?. =?.,.
(d) Each in tersecta ble 5 - system ro of Type 11 a nd the its dua I intersecta ble

4- system or' of Type 10 ind uce the same sudoku transforma tion T.:T.,.
This Corollary 52 comes from Proposition 51.

Corollary53. (Type14) For each intersectable 8 - system <o:(S,?) ofType14,

there are a row s and a column / such that f.> f .fT.lT,:T.3 and

<or=(s- sO/, s), @z=(snl,l\, @3=(r-sn r, l) and (r,a=(sn r, s).

This Corollary 53 comes from Corollary 52 and Proposition 44.

In section 5 we define sudoku transfornlations T。 ,ω c:Br00L. We recall

these deinitions:BLr=ズ ,7Uε Oι Ubικ and ρ 7={″ο″(:),∈′1),εOL

=Iιο′(ノ):′∈′21,b■κ ={う′力(力):力∈′}・ For each″ ,1≦″≦9,we put SFS(″ )

={(s,b):b∈ BιK,s⊂ bα″ご lsl=″ }and SFS=u9"_lSFS(″ ).AIso we put rS(″ )

={(S,r):(s,T),s´ ′クjグ 。/j″′″ s′σ′αぅJ´ ″_sノs′′″ 。/Bικ}and IS=U9"_lIS(2).

Weput Br00ι =SFS UIS.

For each″ ,1≦″≦9,we put SFS(″ ,′07)={(S,b):b∈′0ラ7,s⊂ ba″′lsl=″ },
SFS(″ ,εOι)={(s,b):b∈ σOL,s⊂ bα″′ lsl=″ )and SFS(″ ,あικ)

=((S,う ):b∈ bZκ,SCう ′″′ lsl=″ }.ThuS We haVethat

SFS(″ )=SFS(″ ,″07)uSFS(″ ,εOι )uSFS(″ ,bLκ).

Forレich″ ,1≦″≦9,we putrα ″)=U{く R,C>:Rc′OИИ,C⊂¢OL,IRI=ICI

=2),fG=U9"_lfα″).

For each type K we put

.IS(K): {or =(S,?):@ ;s an inte/sectable sytem of type Kl

We have the following relations among them: IS=Ut'=JS(Tyben),
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Is(1):=rs(Tノ′′1)u rS(rノ タ́ 2),rS(2)==IS(rノタο3)u IS(r′ψ′4)u IS(rッタ′5),

IS(3):=rS(1「 ッタ́ 6)u IS(lΓッタ′7)u rS(lFメ′θ8■ )u IS(lFノ ′́ 8B)U rS(rノ ′ο9),

IS(4)==Is(Tッタ′10),IS(5)=IS(7ンタ′11),IS(6)==IS(Tノ′′12),IS(7):=IS(rノタ′13),

IS(3)==IS(rノ タ́ 14)and rS(9):=IS(:「メ′θ15).

rα l)=Is(Tノタιl),Iα2)=IS(Tノタ″5),Iα 3)=IS(Tノタ́ 9),Iα 4)=IS(Tノタ′10),fα 5)

=Is(rノタ́ 11),rα6)=rS(Tノタ́ 12),fα 7)=IS(rッタ́ 13),fα8)=IS(Tッタ′14),Iα 9)

=IS(ry,′ 15).

We use the following names for sudoku transformations, which are popular

in Japan. For each areS,FS(z), wesaythat?.isanz-koku-domei sudoku

transformation. For each <oe.IQn), we say that ?. is an z - igeta sudoku

transformation. For each a e I SIT y be 2), we say that ?. is a 1- igeta(Type 2)

sudoku transformation.

Proposition 54.Weput r00L=SFSuIS(Tノ ′′2)uJG(2)ufα 3)u fG(4).Then

ITω
:ω∈BT00ι }=:`{Tω :ω∈ET00ι}in STRF(/,/。 )for αlch/∈ SOι (/。).

Proo■ FOr each υ⊂Br00ι ,we put 71υ]=(r。 :ω∈こぅ.By Proposition 45 we

have that

(1)π rS(rノ′′3)]⊂πIS(ryp゛ 2)].

By IProposition47,Proposition 48,Proposition 49 and lProposition 50 we have that

(2)η IS(Tック′6)]={1},

(3)■ rS(Tノ′́7)]⊂■IS(Tノタ′2)]

(4)π rS(rッタ́8ス )]={1),

(5)π IS(Tノ ク́15)]=11}.

By Proposition 51 we havethat

(6)η fS(Tノ″ 14)]=π IS(T″′1)],

(7)π rS(rノ′́ 13)〕 =■ IS(Tノタ́ 5)],

(8)π IS(T″′12)]=π IS(Tノ′′9)],

(9)π IS(Tノ″ 11)]=π IS(rノ′′10)].

ByIProposition 43 we have that

(lo)rs=uた lrs(rノタ。″).

By(1)― (10)We haVe that

(■)π rs]=■ Uた lrs(っ″″)]=U21■ rs(勾″″)]

=■ Is(rノ″ 1)]u ηrS(rノ′́ 2)]u πIS(rノ″ 4)]uη IS(Tノ ,´ 5)]U{1)U

uπ IS(rノタ́ 83)]u ηfS(rノタ′9)]U■ IS(rッタ′10)].

By definition we have that

(12)fα 2)=rS(Tノ ′́5),I(ス 3)=IS(Tノタ′9),′G(4)=rS(rノ′ο10).
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By(11),(12)we have

(13)711S]=π IS(Tノ″ 1)]u πrS(Tノ′′2)]u πIS(Tノタ′4)]u πfS(rノ ,′ 8B)]U{1)U

u ηfα 2)]u ηfα 3)]uπ rα 4)].

Since FT00ι =SFSu rS⊃ ET00ι =SFS urS(rノタθ2)u′C(2)urα3)u fG(4),by

(13)we have that

(14)πBr00ι ]=■ ET00ι )u πrS(Tノ′′1)]U πIS(Tツ′́ 4)]u■ IS(rノタ′83)]u{1).

We put171Er00ι ]'=71Er00二 ]uIT2° Tl:T"T2∈ 71ErοοL])・ AIso we put

71ET00ι ]:∩ ={Tl∩ r2:Tl,r2∈πETοοι]1・ By definitiOnS We haVe

(15)πET00ι ],∩⊃■ET00ι ]・⊃■ET00二 ].
By:Proposition 39 、ve havethat

(16)πET00ι ],∩ =`πEr00ι ]・ in STRF(スノ。)for each/∈ SOι (ノ0).
SinCe{T2° Tl:rl,r2∈ π ETο οι]}° ≦π ETο οι],by PrOpOSitiOn 40 we have that

(17)■ ET00ι ]・≡s■ ET00L]in STRF(ス/0)for"tch/∈ SOι(/。 ).
By(16),(17)we have that

(18)71ET00ι ]:∩ =s171Er00ι ]in STRF(/,ノ。)for each/∈ SOι(/0).

claim l.π Brοοι]く pc πET00Z〕 ,。 .

PrOOf of claim l.we define a decreasing map ρ:■ Brοοι]→πErοοι],n

such that

(19)ρ (T)≦ T fOr each r∈ πβT00ι ].
Takeany rc21Br00ι ].By(14)we have the following 5 cases.

CaSe l.T∈πET00二 ].
In this case,we put ρ(T)=r.By(15)itis weⅡ  defined and ρ(r)≦ r

Case 2.T∈ηIS(rノψ′1)].

Then we have an inters∝ table system ω=(s,T)。f Typel such that r=r。 .

SinCe`υ iS Of Typel,We haVea rOW Sand a COlumn′ SuCh that S=lS),T={′ ).By

Proposition 44,wc havethat ωl=(s― sn`,s),ω 2=(Sn′ ,′ ),ω 3=(′ ~S∩ ′,′ ),ω 4

=(S∩ ′,S)and

(20)Tω 2oTω l∩ Tω (orω 3≦ Tω =r.

SinCe ωl,(υ 2,。 3,`υ 4C SFS,then we put ρ(r)=『。2orω l∩ T。 4or。 3∈ 71ET00ι ]」∩.

Then it is well defined and by(20),ρ (7)≦ r.

Case 3. ?e4lS(?yr'z 4)1,

Then wehavean in ter sec ta blt' system ar:(S,7) of Type4 suchthat?:?.. By
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Proposition 46 we have intersectable systems @1 and ar, of Type 2 such that

tzll 7.,"T - nT.:7-,ST -:T .

Since or, and a 2 ar e of Type 2, then we put p(O:e, "T.,flT ^,"7.,
e TIETOO L)in. Then it is well defined and by (21), p(T)ST.

Case 4. ?e4lS(Ttbe 8B)1.

Then we have an intersectable system ar =(S,?) of Type88 suchthat?=?..
By Proposition 49 we have intersectable systems arr and or, of Type 2 such that

(22) T.,1T."<T.:7.

Since <rr,and<o, areof Type2, then we put p(?):?.r nT.STETOOIlin. Then

it is well defined and by (22), p(T)<T.

Case 5. ?e{1}.

In this case ?: 1 . Take any ae ETOO L and plul plT):T,eqETOO L)i^

Then it is well defined. Since ?. is a sudoku transfor mation, we have that

PQ):7.<r:r.

By using the above cases, we can define a map p:\BTOO LI"-{ETOO L);n

with (19). Hence we have Claim 1.

By Claim 1 and Proposition 37 we have that

(23) Sf BLnErooL);n < STBLqBT'ooLr in s?RF(.f,^) for each leSoL(f o).

By (18) we have

(24) SrBLllErooL)i^ - gTglrtstoor) in STRF(/,f n)for each f esoL(fs).

By (23)and (24) we have that
(:25) STBLTETooL) 3 57gLrrntoott in SIRtr.(/,/o) for u,ch f eSOL(f o).

Since BTOOL-: ETOOL,thenTBTOOLI>TETOOLI. By Corollary 38 wehave

(:26) STBLTETooL)257B1tatoot]in SfRf(/,/r) for each f eSOL(/n).

By (25) and (26) we have that

(z?) STBLlrErooL) - ST B LllDrooLr in STR,F(/,/o) for each /eSOZ(/q).
By (27) we have that
(28\ 'IIBToo Ll: ,TEToo Ll in STR F(f ,f ,l tor pach f eSOL(f o).

(28) means Proposition 54. Hence we complete the proof of Proposition 54.

Proposition 55. 7."7.:7. lor each a e BTOO L
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Proof. Take any @=BTOOL. Take any sudoku matrix Il
=(K")"a.,a,eSMTX(.f,,fo). We put K':T.(K), K" =T.(K') and K'=(K,)".tttz,

K" :(K l),.t."t,. Since B?OOI: SFS U fS, we have the following

cases

Claim 1. ?..?-:?- for each areS-FS

SinceSFS= t-J ]=,SFS(z), then oreSFS(z)for somer,. Thus weputo=(s,D),

scb,b€BLK,l s :2.
[n NSF\s,Drrfft if 'K, :lsl:n

tt) K':T-IK)=tt __lr if K, + lsl=z'
[zNSFts,DrrK') if IK',t =rsl:z

12\ K" =T...tK't= I

lK' ;f lK'l*lst=z

Case l.l κsl=lsl=″ .

We COnSide CaSe l. By(1)

(3)K′ =″ NSRs,bXκ ).

By(3)we have

(4)κα=

, for aes

"-K, for deb-s
, for aeJrxJr-b

By (4) we have

(5) K ": K" for each aes.

By (5) we have that K's: UIK',:aes) : tJ {ff": c6 5} = 11., i g,

(6) r(,: n".

By the condition of case 1 and (6) we have that

r?t K; l:lK, l: s1:n.
By (2) and (7) we have that
(8) Ifl/: zNSfls,bXK/).

By (8) we have that

I K; Jot aes
I

\9t K.=lK;-K, for ae.b-s
I

lff; for aeJ,xJr-b
By (4),(6) and (9) we have that

κ
　
κ
　
κ
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κα=κα   /ο /α CS

κ:一κ:=(κα―Ks)一 κ:=κα―κsU κ:=κα―κs /ο″α∈b― S

K1        /ο ″α∈ノ1× ′2~♭

(10) I(;:

By(4)and(10)we havethat

(11)κf=κ:for α∈ム×ノ2,i.e"

(13)κ
″=κ′.

(13)means that Clainl l hOldS for case l

Case2. lK"l+lsl:2.
In this case by (1) we have that

ltsl K' : K.
By (13) we have

(14) K',:K,.
By the condition of case 2 and (14) we have that

(1$ l7r; +lsl--r.
By (2)and (15) we have that
(t6) K":K',.

(16) means that Claim t holds for case 2.

Thus , by case I and case 2 , we have Claim 1.

lκ:|= 1氏 |キ I s i =2, i.e,

Clatm 2- 7."7.:?. for each orefS

Sincearels: U:=rIS(n),then e.IS(z)for some z. Thus <rr:(S,I) is an

itersectable ,, - system such that $: {sr,sr,...,s,}, ? -- ltr,t2,...,t,l 5nfl 5 : l/ i=ls; , I

:Ui-'t,.
(17)7.:7\S,T).

By (17) we have

(18) r":

(1s) K"'=

κα

κα∩κ′_,

κα∩κ
`_′

κl

κα∩κ l_`

κl∩ κ:_`

/οグαC:(ノ 1× ′2~SU′)U(SnJ)

/οグα∈S―′          ,
/ο″α∈′―S

/οグα∈(ノ 1× ノ2~SU′ )U(S∩ ′)

/ο″α∈S―′

/ο′α∈′―S

Case 3. ae(,I, x /r- s U r) U(s n t).

In this casg by (19) we have

(200 K;:K".
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Case 4,α cs―
`.

In this case,by(18)we have

(21)κ :=κα∩κ
`_,

By(19)We haVe

(22)κI=κ in κ:_,

By(21)and(22)we have

Fr=κα∩κl_`=κ :∩ (u{κ ::β∈′_s})=ri∩ (ulκβ∩κ,_rβ∈′_s〕 )
=κ :∩ ((U(κρ:β∈′―SI)n κs_′)=κ :∩ (κ

`_s∩
κs_′)=(κα∩κ′_s)∩ (κ′_s∩ Ks_1)

=κα∩κ:_s∩ rs_′ =(κα∩κ
`_′
)∩ κ′_s=κα∩κ′_,=κ li.e,

(23)κr=κα.

Case 5,α ∈′―s.

In this casa by(18)we have

(24)κ :=κα∩Xs_"

By(19)We haVe

(25)κ:=κ :∩ κ:_″

By(24)and(25)we have

κJ=κ :∩κ:_`=κα∩(U(κ ::β∈S-1)=κα∩(U{κβ∩κ′_」β∈s―′})
=κα∩((U{κβ:β∈S―′})∩κ′_s)=Kl∩ (κ ,_′∩κ′_`)=(κα∩κ̀

_′
)∩ (κ s_′∩κ′_,)

=κα∩κs_1∩ κl_s=(κα∩κ′_`)∩ κs_′ =κα∩κ
`_′
=Kl ie,

(25)κ:=κ l.

By(20),(23),(25)we have

(26)κJ=κi for“ ch α∈ノl× ノ́

(26)m“ nsthat κ
″=κ′.Hence we have Propositlon 55.
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