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We discuss on the worldwide famous Sudoku by using mathematical
approach. This paper is the 6th paper in our series, so we use the same
notations and terminologies in [1] —[5] without any descriptions.

10. Classification of intersectable systems 1I1.
This section is a continuous section of previous sections 8 and 9. We
consider some basic relations among some types in the section 8.

Proposition 50. (Type 15) For each intersectable 9—system @ =(S,T) of Type 15,
we havethat T,=1in STRF(f,f,) for each feSOL{f,).

Proof. Since @ =(8,T)is Type 15 wecan put S={s,55,5354,55565n5s5s} and T
={titntylststetntsls) such that

{1) alls;,1<i=9,arerows,

2) all¢;,1=j=9, are columns,

3) sins;=¢ forixj;1<i<9, 15729,

M) tint;=¢ forixj1<i<9, 15759,

) s;nt;x¢ fori,j, 1<i<9 1559,

6)s=U{s;1i=1,2,..9, t=u{t;: j=1,2,...9}.

Takeany sudoku matrix K =(K,)eej,x;,ESMTX(f,fo) and put K =T,K)

=TS THK). Wehave
K, for a&(JyX J,—sUtu(sn?)
7 K,=\K,NK,_, for act—s
K.nK,_, for ass—1
By (1)—(6) we can easily show that
®) s=JixJ.=t
By (8) we have
9 sUt=J,xXJ,=s5n4¢,
10) (Jix Jo—sutuisni)=J X ],
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(1) s—t=¢,t~s=¢.
By (7)and (9),(10)(11) we have
(12) K.,=K,foracs ], X J,

{12) means that T, =1. Hence we have Proposition 50.

Let X be a subset of J, and Y bea subsetof J,with | X | = | ¥ { =n. We put
that X’=]1—Xand Y'=J,—Y. Weput that S={s;:ieX},s;=[il|x J; and
T={t; jeY} ¢ . Alsoweput that §'={s;:i’e X"}, s ={i'}x J, and T"
={t;j EY'},I,-:=]1X{] .
Thus @=(5,7)and o’=(S5",T') are intersectable n —system and intersectable
{(9— n)—system, respectively. Wesay that e’ is a dual intersectable system of w.

Proposition 51. If o’=(8"T') is a dual intersectable(9— n)—system of
an intersectable #n —system « =(S,T), then T, =T, in STRF(f,f,) for each
fESOL{fy).

Proof. By definitions we have that
DXUX'=],XnX'=¢,
2) YuY'=J,¥YnY'=¢,
@B Xl =1Y|=n 009,
() s=U{s;:ieX] and t=U{t;: je¥},
) s'=U{s; i'eXtandt'=U{t;:j’eY’}.
Takeany sudoku matrix K =(K a),E]NzESMTX(f,fO). Weput K*=T,K)

=TNSTYK)and K*=T,(K)=T8,T'XK). Wehave
K, for as{J, X J,—suUtiu(snt)
6) K:=\K,NK,_, foraci—s ,
K.NnK, , foracss—i
K, Sfor as(J X J,—s'UtHU(s'NE)
N EKr=1K,nNK,_, foract' —s’
K.NK,_, foraess' —{¢
By (4) we have
8) s= [S-=[i}X]21iEX}= Ulli)ieXyx J,=XxJ,,
O t=ult, =1 x{jeY)= i x(u{li: jeYh=], XY,
(10 sUt=X><]2U]1xY.
By (1),(2},(10) we have
I X Ja=sUt=(XuX ) x(YUuY')—-Xx J,uJ, XY
=XXYUXXY UX'XYUX' XY - Xx{YUY U XUX )XY
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=XXYUXXY'UX'XYUX'XY' - XXYUXXY'UX'XY
=X'xY’, ie,

AL J X J—suUt=X'xY".

By (8),(9) we have

(12) snt=XxY.

By (11),(12) we have

A3 (Jix J,—sUHUGNH=XXYUX'XY".

By (1),(2),(8),(9),(12) we have

(14) s—i=s—sNi=XX J,~-XX¥Y=Xx(],-YV)=XxY’,

(15) t—s=ft—snNi=] ) XY —-XXY=(J, - X)xY=X'xY.

By (5) we have

(16) s'=U{s; ={i"1 X J:i'eX}=(U{{i" :i'eX' N X Jo=X'X ],

A7 =it = x{ihieY =L xul{f):/eY' =], xY",

(18) s'"Ut=X'xX J,UuJ xY".

By (1),(2),(18) we have

T X J—s'U¢¥=XuXx(YUY)'—X'X J,uJ XY’

=XxYUXxXY UX'xXYUX'xY' - X'xX( YUYW XUX')xY’

=XxYUXXY UX'XYUX'XY' - X'XYUX'XY'UXXY’
=XxY,ie,

(A9 J X J.—s'U'=XxY.

By (16),(17) we have

20 s'Ne'=X'XY".

By (19),(20) we have

2L (X J—s'utHuis'nt)=XxXYUuX' XY’

By (1),( )( W17),(20) we have

22) s'—t'=s'"—s'Nt'=X'X ,—X'x¥Y'=X"x{J,-Y"=X'xY,

(23) t’—s’=t’—s’nt’=]1xY’-—X’xY’ (J1 =Xy xY'=XxY"

By (13),(i21) we have

24) (J1xX J,—sut)u(sny=(J, X J,—s'Ut)uls'nt’).

By (14),(15)(22),i23) we have

25y s—t=¢t'—s’,

(26) t—s=s5"—1".

By (7),(24),(25),(26) we have

K. for ac(J,X J,—s"Ut)U(s' NE)=(J, X Ja—sUHU(sN )

@2 Kr=\|K,.nK,_, =K,NnK, . foract' —s'=s—t
KﬂnK?’—s’=Kaan_r fO?' acs’' — /' =f—s5s
By (6} and (27) we have

— 115 —



AR - W2 E

(28) Ky=K?2 for ac ], x J,.

(28) means that T ,=T,.. Hence we complete the proof of Proposition 51.

Corollary 52. (Typell, Type 12, Type 13, Type 14}
{a) Each intersectable 8—system @ of Type 14 and the its dual intersectable
1—system @’ of Typel induce the same sudoku transformation T,=T,..

{b) Each intersectable 7—system « of Type 13 and the its dualintersectable
2—system o’ of Typeb induce the same sudoku transfermationT,=T,,..

i{c) Each intersectable 6 —system @ of Type 12 and the its dual intersectable
3—system o’ of Type9 induce the same sudoku transformation T,=T,.-.

{d) Each intersectable 5—system @ of Type 1l and theits dual intersectable
4—system w’ of Type 10 induce the same sudoku transformation T,=T,,..

This Corollary 52 comes from Proposition 51.

Corollary 53. (Type14) For each intersectable 8—system o =(§,T) of Type 14,
therearea row s and a column ¢ such that 7,2 7T,,°T, NT,T,, and
w,=(5—sNts), e, ={sNti),w;=(t—sNt i and o,=(sN¢ s).

This Corollary 53 comes from Corollary 52 and Proposition 44.

In section 5 we define sudoku transformations T, , o€ BTOOL. Werecall
these definitions: BLK=rOWUcOLUbLK and rOW ={row(i):i€ ]}, cOL
={col(f):j€ ]}, bLK ={blk(k). ke J}. For eachn,1=xn <9, we put SFS(n)
=l(s,b):bEBLK,sCband | s| =n)and SFS=U%_,SFS(n). Also we put IS{(n)
={(S,T):(S,T) is a pair of intersectable n —system o f BLK} and IS=U}_,IS(n).
Weput BTOOL=SFSUIS.

For each»n,1<n<9, weput SFS(n,yOW)={(3,b):bcrOW,sCband | 5 | =n},
SFS(n,cOL)={(s,b):bccOL,scband | s| =n}and SFS(nbLK)
=((s,b):bebLK,scband | s | =n}. Thus we have that
SFS(n)=SFS(n,yOW)ySFS(n,cOL\USFS»nbLK).

For each#,1<n<9, weput IGn)=U{<RC>»: RcrOW,Cc¢OL, | R| = | C|
=n}, IG=U5_IG(n).

For each type K we put

IS(K)={@=(85T):w is an intersectable system o f type K}
We have the following relations among them: IS= U _ IS(Type n),
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Is(1)
S(3)

IS(4)
S(8Y=IS(Type 14) and 18(9)=IS(Type 15).

IG()=1S(Type ), IG2)=IS(Type5), IG3)=1IS(Type 9), IG4)=IS(Type 10), IG(5)

=IS(Type 11), IG6)=IS(Type 12}, IGT)=15(Type 13), IG8)=IS(Type 14), IG(9)

=IS(Type 15).

IS(Type 1)U IS(Type 2), IS(2)=IS(Type 3)UIS(Type 4)U IS(Type 5),
IS(Type 6)UIS(Type TYUIS(Type BAYVIS(Type 8B)U IS(Type 9),
{
(

Py

il

IS(Type 10), IS(5)=IS(Type 11), IS(6)=IS(Type 12}, IS(T)=IS(Type 13),

oy

We use the following names for sudoku transformations, which are popular
in Japan. For each wcSFS(n), wesay that T, is an #—koku—domei sudoku
transformation. For each we IG(n), we say that T, is an n—igeta sudoku
transformation. For each o IS{Type 2), wesay that T, isa 1—igeta(Type?2)

sudoku transformation.

Proposition 54. We put ETOOL=SFSUIS{Type 2)UI1G(2)U IG3)U IG4). Then
{T,;@€BTOOL|=,(T,:0oc ETOOL}in STRF(f,f,) for each feSOL(fo}.
Proof. For each Uc BTOOL, we put T[U]={T,: @ €U}. By Proposition 45 we
havethat
1} T(1S8(Type 3l T IS(Type 2)]
By Proposition47, Proposition 48, Proposition 49 and Proposition 50 we have that
2) T IS(Type 6)]={1},
(3) TUIS(Type DI TIS(Type 2)]
4) TIS(Type 8A))={1},
5) TUIS(Type 15}]={1}.
By Proposition 51 we have that

( ) TUIS(Type 14)]=T IS{Type 1},
7y TUIS(Type 13))=TUS(Type 5)],
8) TIIS(Type 12)]=TLIS(Type 9],

9) TIS(Type 11)]=T1IS(Type 10)].

By Proposition 43 we have that

(10} IS= UL IS(Typen).
By (1)—(10) we have that

(11) TUIS]=T[U ¥_IS(Type n))= U ;2 TUIS(Type n)]

=T[IS(Type N|UTIS(Type 2) ]U TIIS(Type 4)JUTIIS(Type 5L {1}V
UTTIS(Type 8B)JUTIIS(Type NUTIIS(Type 10)].

By definition we have that

(12) IG2)=I8(Type5), IG3)=IS(Type 9), IG(4}=IS(Type 10).
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By (11), (12) we have
(13) TUIS|=TUS(Type VIUTIIS(Type 2)JU T IS(Type £)JUT IS(Type 8B)JU{1JU
UTIIG2)IUTIIGI)UTTIG)]
Since BTOOL=SFSUIS > ETOOL=SFSUIS(Type 2)U IG2)0 IG3)V IG4), by
{13) we have that

(14) IBTOOL=TIETOOLYUTIS(Type 1)JUTIS(Type 1)JU TIIS(Type 8B)]U{1].

Weput TTETOOL]' =T ETOOL|U{T,°T,:T\,T,cTIETOOL]}. Alsoweput
TIETOOLY;,={T\NT,:T,T,€TTETOOL]}. By definitions we have

(15) METOOLL.OoOTIETOOLT'>TIETOOL]

By Proposition 39 we have that

(16) TTETOOL);n=.TIETOOLY in STRF(f,f,) for each feSOL( fy).
Since{TyT: T, T,€TTETOOL]}c <T[ETOOL], by Proposition 40 we have that

(17) TTETOOL]'=,TIETOOL]in STRF(/,f,) for each feSOL{f,).
By (16), (17) we have that

(18) TTETOOL);n=,T[ETOOL]in STRF(f,f,) for each feSOL(f,).

Claim 1. 7]BTOCL] < , TTETOOL]J;,.

Proof of Claim 1. Wedefine a decreasing map p:TIBTOOL>T ETOOL]J;,
such that

(19) p{TV<T for eachTeT[BTOOL)].

Takeany TeT[BTOCL]. By(14) we havethe following 5 cases.

Casel. TeTETOOL).
In this case, weput o(T)=T. By {15) it is well defined and p(T)=T.

Case2. TeT[IS(Type 1)].
Then we havean intersectable system o =(S5,T) of Typel suchthatT=T,,.

Since @ is of Type l, wehavea row s and a column ¢ such that S={s], T={¢]. By
Proposition 44, we have that @, ={s—sNis), @, =(sN4LE), wy=({—sNLL), w,
=(snts)and

20 7,7, NT, T, =T,=T.

wy=

Since ,,w,w;0,<SFS, then weput o(T)=T, T, NT, T, T ETOOL], .
Then it is well defined and by 20), p(TYZT.

Case3. TeT IS(Tvpe 4}}
Then we have an intersectable system o =(5,7) of Typed suchthatT=T,. By
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Proposition 46 we have intersectable systems @, and o, of Type2 such that
21 T,,oTo NT, T, ST,=T.

Since w; and @, are of Type2, then we put o(T)=T,,°T, NT, T,

e TTETOOL);,. Then itis well defined and by (21), p{T)=T.

Cased. TeT IS{Type 8B)].

Then we have an intersectable system o =(5,7) of Type8B suchthat T=T,.
By Proposition 49 we have inter sectable systems », and @, of Type 2 such that

@2 7r,nT,,=T,=T.

Since @, and @, areof Type2, then we put o(T)=T, NT,,€ TTETOOL};,. Then
it is well defined and by (22}, o(T) <T.

Caseb. Tll).

In thiscase T=1. Takeany w€ ETOOL and put p(T)=T,=T ETOOL);,.
Then it is well defined. Since T, is a sudoku transformation, we have that
pT=T,x1=T.

By using the above cases, we can definea map ¢:T]BTOOL}-T [ ETOOL];,

with (19). Hence we have Claim 1.

By Claim 1 and Proposition 37 we have that

(23) STBL™ETO%in < STRLTBTOOLI in STRF(f,f,) for each fESOL(f,).
By (18} we have

(24) STBLTFT9%n — STRITETOOL] in STRF(f,f,) for each fESOL(fy).
By (23} and (24) we have that
(25) STBLTETOCL < ST R TBTOOL i STRF(f,fy) for each fESOL{ fy).
Since BTOOLODETOOL, then TTBTOOL|DTIETOOL). By Corollary 38 we have
(26) STBLTETOOL> STRLTBTOOL ipy STRF(f,f,) for each fESOL(f).
By (25) and {26) we have that
(27) STBLTETOOLI= gTR[ TIBTOOLl i STRF(f,f,) for each feSOL(fy).
By (27) we have that
(28) TTBTOOL]=, TIETOOL)in STRF(f,f,) for each feSOL(f,).

{28) means Proposition bd. Hence we cemplete the proof of Proposition 54,

Proposition 55. T,T,=T, for each e BTOOL.
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Proof. Takeany w=BTOOL. Takeany sudoku matrix K
=(Ko)ac s x;,ESMTX(f,fo). Weput K'=T,(K), K"'=TJ K" and K’=(K,',),E,1x,z,

K" =(K)ac} xj,- Since BTOOL=SFSU IS, we have the following

cases.

Claim1l. T ,T,=T, for eachweSFS

Since SFS=U%_,SFS(n), then @ € SFS(n) for some n. Thus we put @ =(s,b),
sch,beBLK,|s| =n.

nNSFsbYK) if 1K,|=1|s|=n
K if | K, |x|s|=n

nNSF(s,bYK') if |K;i=1s|=n
K’ if |K;|=1si=n

(1) K’=TW(K)={

(2) K”=T‘.,(K’)={

Casel. |K,|=|s]| =n.
Weconsidecasel. By (1)
(3) K'=nNSFs5,bXK).

By (3) we have

K, for acs
4) K.=1K,— K, foracb—s

K, for ac ]\ X J,—b
By (4d) we have

5) K,=K, for eachacs.
By (5) we havethat K,= U{K,:a€s]= U[{K,:aes}=K, ie,

6) K.=K,.
By the condition of casel and (6) we have that
@ 1K =K, 1=1|s]=n

By (2) and (7) we have that
8 K"=nNSF(s,bXK').

By (8) we have that
K, for acs
9 K. =|K,—K, foracb—s
K, forae ;X J;—b

By (4),6) and (9) we have that
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K.=K, for acs
10) K, = K;—K;=(K,,—-K,)—K;=Ka—KsUK;=Km—KS for asb—s.
K. for acJ, X J,—b

By (4)and (10) we have that
11y K =K_foracs]J, X J,,le,
(13) K"=K".
{13) means that Claim 1 holds for casel.

Case2 |K,|x|s|l=n.

In this case by (1) we have that

(13) K =K.

By (13) we have

(14) K.=K..

By the condition of case2and (14) we havethat | K | = | K, | % [s| =n,ie,
(15) | Kl % |s| =n.

By (2) and (15) we have that

(16) K"=K'.
(16) means that Claim 1 holds for case 2.
Thus, by casel and case 2, wehave Claim 1.

Claim2. T, T,=T, for eachowelS
SinceweIS=u?_,IS(n), then €I5(n) for some »n. Thus @=(85,T)isan

itersectable n —system such that S={s,5,,...5,}, T={¢1,fzmrts} SN = U [18; ,

=U% ¢
AN T,=TS57T).
By (17) we have
K, for ae(J x J,—sUHuU(sni)
(18) K.=K.nK,_, for ass—t )
K.NnK,_, for acst—s
K, for ac(J,; X J,—sufhu(sni)
(19 K, = {K.nK, , for acs—t
K.NnK,_, for act—s

Casel. as(J,x J,—sUHU(sNI).
In this case, by (19) we have
200 K.=K..

— 121 —



Fketh - H2 IE

Cased, aess—4.

In this case, by {18) we have

@)y K.=K.nK,_,.

By (19) we have

22) K.,=K.nkK,_,.

By 21) and (22) we have

K.=K.nK, ;=K.n(U{K;:Bet—s))=K .N(U[K;nK, ;:Bet—s))
=K .N(U{KpBst—shnK,_y=K.n(K,_,nK,_)=(K.nK, )n(K,_.NK,_)
=K.,nK, .nK, ,=(K.nK, )nK,_,=K,nK,_ .=K_ie,

23) K,=K,,.

Caseb, acst~s.

In this case, by (18) we have

24 K,=K,nK,_,.

By (19) we have

(25) K.=K.nK, .

By (24) and (25) we have

K, =K.NK,_,=K,.n(U{Kg:Bes—#))=K.N(U[K;NK,_;:Bes—1))
=K.N({(U{Kz:Bes—th)nK,_)=K.n(K, NK, )=(K.NK,_)N(K,.,nK, ,)
=K.,NnK, .nK, .=(K.NK,_)nK,_=K,nK, ,=K,_ie,

(25) K, =K,

By (20),(23),(25) we have
26) K, =K, for eachacs ], x J,.

(26) means that K”=K’. Hence we have Proposition 55.
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