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We discuss on the worldwide famous Sudoku by using mathematical
approach. This paper is the third paper in our series, so we use the same

notations and terminologies in [1]and [2]without any descriptions.

6. Stability in sudoku transformations.
Let K=(K"),.tt,rz and L:(L)o.rr*rz be sudoku matices assosiated with (/,/o), i.e.,

K, LeSTMX(f ,f o). We say that I is smaller than K, in notatin L<K, provided

that L"cKo for each aeJlxr[2. Sometimes ZSI( is denoted by LcK.
tet K=(K)oetrxr, and L:(L)o.tt,tz besudoku matices assosiated with/s, i.e,

K, LeSTMX(f o): n{STMX(f ,f o):f eSOL(f d}. We say that I is smaller than K,

in notatin L<K, provided that L,cK"for each qeJtXJz. Sometimes ZSI( is

denoted by LcK.

We say that a mapT:STMX(f ,f o)--STMX(f ,f o) is a sudoku transformation

associated with (/,/q) provided that it satisfies the following conditions:

(i)l\K)sK for each KeSTMX(f,f o),

(ir)flfl>fl L) f.or each K, LeSTMX(/,/6) with K>L.

We put STRF(f ,f o):lT: T is a sudoku transformation associated with (f ,f o)l

and S?RF(/o): n{S"n FV,f o):f eSOL(f o)}. Each element TeS?RF(/g) is called

as a sudoku transformation associated with f nand ? is denoted by

T:STMX(f o)-STMx(f o).

LetT, S:STMX(f ,f o)-STMX(f ,f o)besudoku transformations associated with

V,f l. We say that T is smaller than S, in notation ?<S, provided that
(ii| flfl<S(K) f.or each KeSTMX(f,fo).
Let T, S:STMX(f o)-STMX(f o) be sudoku transformations associated with /6.

We say that ? is smaller than S, in notation ?S S, provided that
rivヽ 7Y」【 ≦ヽ S(」【)for each」 【∈STル″Xr Fn)and fOr each f∈ sOLrFハ .
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Let Tl,T2:STMX(ス ノ0)→SryX(スノ0)be mapS.We define a map

rl∩ ■ :sT″x(スノo)→ST″X(ス九 )aS fOnOws:

(V)(Tl∩ T2)(K)=rl(κ )∩ r2(κ)fOr eaCh F∈ ST″X(ス九 ).

Let rl,T2:Sr″X(ノ0)→ST〃X(九)be mapS。
・
We define a map

rl∩ r2:ST″光(九)→ST″X(九)aS f0110WS:

(vi)(rl∩ Ъ)(F)=■ (κ )∩Ъ(κ)fOr mCh κ∈Sryズ(ス九)and eaChノ∈SOι(/0).

wesay thatthe map rl∩ a is theinters∝tion map of{Tl,■
}.

Propos� on 19。 Let Tl,T2,■ :ST″X(スノ0)→Sr″光(ス九)be SudOku

transfOrnlatiOns.′ rhen we havethef。 11。wings:

(a)Theidentity map l:sr″ x(ス九)→Sryx(ス九)iS a SudOku

transfornlation.

(D ThecOmpOsitiOn mapら 。rl:sr″ ス ス 九 )→Sry諷 ス 九 )iS a SudOku

transformation such that lorl〓 Tl,Tl。 1=rl and(■ 0■
)。
Tl=島。(場。Tl)。

(c)The intersection map■ ∩■:sT″χ(ス九)→Sryx(スノ0)iS a SudOku

tranSfOrmatiOn SuCh that rl∩ T2≦ rl and rl∩ T2≦ T2・

Pr00■ OViOuSIy We haVe(a)by the definitiOn.

weshOw(Do Takeany K∈ sT】″χ(スノ0)。 SinCe rlis a sudOku transfOrmatiOn,

by(D We haVe

(1)Tl(κ )≦κ.

SinCe 7・2iS a SudOku tranSfOrnaatiOn,by(� )and(1)We haVe

(2)■(rl(F))≦ T2(F)・

SinCe 7｀2iS a SudOku tranSfOrnlatiOn,by(i)We haVe

(3)■(κ )≦κ.

By(1),(2x3)we have(T2° Tl)(F)=T2(rl(F))≦ T2(K)≦ F,i・ e・ ,

(4)(らorl)(F)≦ K.

Thus(4)means that T2° rl haS the prOperty(i)。

Next,wetakeeach X,L∈ Sr」豚χ(スノ0)with κ≧ιo Since rlis a sudoku

tranSfOrnlatiOn, by(�)We haVe

(5)Tl(F)≧ Tl(ι ).

SinCe r2iS a SudOku tranSfOrnlatiOn,by(� )and(5)we have

(6)■(rl(κ ))≧ T2(Tl(ι ))・

SinCe r2(71(κ ))〓 (■
°Tl)(F)and■ (Tl(ι ))=(a° Tl)(二),by(6)we have

(7)(■oTl)(r)≧
(T2° rl)(二 )・

Thus,(7)lneans that r2° rl haS the prOperty(�
)。

.TherefOre r2°
TliS a SudOku

transfornlation.
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We can easily show that L"Tr:Tr, TpL-7, , and (?3'"2)ofr-Tro(Tr"Tr).

We show (c). Take any I(eS?MX(f ,f o). Since T1,T2are sudoku

transformations, we have that TIK), Tz(K)eSTMX(f ,f d. By Proposition 1 we

have ?r(K)n 
"z(K)eS" 

MX(f ,f o). This means that the intersection map

T 1 n T 2: ST M X (f , f o)-,ST M X(f , f o) is w ell - d ef in ed.

By (1), (3) we have

(8) (Tr nT 2)(K):T t(K) nTz(Kl < K.

Thus (8) means that ?1o ?z has the property (i).

Take any K, LeSTMX(f ,f d with K> z . Since ?2 is a sudoku transformation,

by (ii) we have

(9) T26)>Tr(L).

By (5) and (9) we have ?(l()n Tz(K)=TlL)nTr(L)' Le-,

(1 0) ( rr n 
"z)G) 

: T { K) n T 2( K ) = T r( L) n T z(L) : (T r n T z)@).

Thus, (10) menas that ?1fl ?z has the property (ii). Hence TJITz is a sudoku

transformation.
By definitions we have

(11) (rr n Tz)(K):"(K) n'T:IK)<T(K), and

(12) (T L n T z)( K) : T t(K) n T 

^ 

K) < T r( K ).

Thus, bv (11) and (12) we have

(13) ?rn?z<?1 and TtnTz<Tz.

Thus, by (13), TriTzhas the required properties. Hencg we have Proposition 19.

Pr oposition 20. Let T r, T z, T s: ST M X(f o)- ST M X(f o) be sudoku

transformations. Then we have the followings:

(a) The identity map 1 : S?M X(f o)-ST MX(/s) is a sudoku

transformation.
(b) Thecomposition map Tz"TiSTMx(fo)-STMX(/)is a sudoku

transformation such that 1"?r :Ty Tfl: ?r and (Ts.Tz)"Tr-I3"(Tr"Tt).

(c) The intersection map TfiT;STMX(f o)-STMX(,fo) is a sudoku

transformation such that ?1O TzSTt and T1 nrTz<Tz.

We can easily show Proposition 20 by Proposition 19 and definitions.

LetTOOLcSTRF(f,f o)be a subset of STRF(f ,,fo). W" sav LeSTMX(f,f o)is

TOO L-stable provided that it satisfies the following condition:

(S") 7JZ):Z for each TeTOOL.

Similarly, letTOOLcSfRF.(/0) be a subset of S?RF(/e). We sav that
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LeSTMX(f n) isTOOL-stable provided that it satisfies the following condition:
($I) flI): Lf.or ea,chTeTOOLcSTRF(f,.fo) and for ur.ch feSOL(fo).

Proposition 21. LetTooLcsrPF(f,fd be a subset of srRF(f,/s). Then we

have a sudoku transformation .frBlrooL:srMX(f ,f o)-srMX(/,/e) with the
following properties:

(a) STBLroozlIf; is TOOL-stable for each KeS? MX(f ,f o).

(b) If. LeSTMX(f,f o) isTOOZ-stable then S?BLroor(L): L.

Proposition 22. LetTooLcsrRF(/o) be a subset of srfir(/e). Then we have

a sudoku tr a n sf or ma tion s?Bl, "o 
o L 

: sr M x(f o)- sr M x(/6) with the followin g
properties:

(a) STBLroor(f() is TOOL-stablefor eachffes?MX(f,fo)and for each

f eSoL(f s).

(b) If LeSTMX(f n) isTOOL-stabte, then STBZroor(L): L.

When TooL: /, we can take the identity mapl:SMTX(f ,f o)-SMTX(f ,f o)

a nd 1 : SIr'?X( f o)-- S 14, **,fo) a s ST B L0 : S MT X(f , f o)- S MT X(f , f o) and

ST B Lo : S MT X( f o)- S MT X(/o), r espectively. Ther efor s in the f ollwin g

discussin we can assume that TO O L + 0.
For our proofs of Proposition 2l and Proposition22 we need many steps.

Proposition 23.Let V bea finiteset. If V=Vr=Vr=...=Vo=V;*r:... is a

decreasing sequence of sets, then there exists an ze such thatV,:V,ofor each

n2ns and hence V*: f1!=tV;:Voo.

Proof. If V: /, we can choose no:|. So in the following discussion we assume

that 7+/.
We assume that the conclusion does not hold. Thus there exists an increasing

sequence of integers such that
(1) zr ( n21... 1 n ;1 n ;+r1....
(2) V",= *V,,*, for each i21.

By (2) we can take a p,,e.Vo,-Vn,*, for each I ) 1, and put p:10,,:i> 1) . Thus

we have that
(3) PcZ and

(4)P is infinite
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Weshow(3).Take anyグ .Since p″
i∈

y"i⊂ y,then夕
"i∈

ア.Thus we have(3).

Weshow(4)。 We assume that P is finite Then there exist′ ,ノ :≧ l SuCh that

(5)ノ>'and夕
"`〓

p″
′

.

By(5)and our construction we have that夕
"」

∈7":-7"′ +1,p"′ ∈7"′ -7句+1,that is,

(6)夕
"′

ミ7″

`+l and

(7)夕
"′

∈7"′ .

By(1)andノ >グ ,"ノ ≧″′+l and then

(8)y″ ′+1⊃ 7"ノ・

By(6)and(8)

(9)夕
"′

ミ7"ノ .

Since we have(5),(7)and(9)make a contradiction.HiencQ(4)is truQ

By(3),we have that lPI≦ IИ <∝),that is,P is finite.This contadicts to(4).

Hence,we have iProposition 23.

Proposition 24.Let F and 4 be sudoku matrices associated with(ス ノ0),

J=1,2,… .If κ ≧ κ l≧ F2≧ … ≧ κ j≧ κ j+1≧ … iS a d∝ reaSing SequenCe Of SudOku

nlatices, then there exists an%O such that J【 ″〓:」【″O for each%≧ 餡O and hence

F∞ 〓n黒lFj=F"。・

Proof.Let F〓 (κα)α∈′lxら
and Fヵ =(X権 )α∈′1×ろ

∈S.″TX(ス九)。
By the

assunlption we have

(1)κα⊃κl,α
⊃…⊃κル,α

⊃κル+1,α ⊃…・fOr eaCh α∈ノ1× ノ2・

For each α∈ノ1× ノ2,SinCelX」 ≦ 9,by(1)and PrOpOSitiOn 23 there exists an πα

such that

(2)κ
",α
=κ

"α
,α for each%≧ πα.

We put πO=解α4πα:α∈ノ1×ノ2}・ By(2)we have that

(3)κ″,α =X″ 0,α
 for each%≧ %O and each α∈ノ1×ノ2・

(3)meanSthat κ"=κ″O fOr eaCh%≧ πOo Hence we have Propos� on 24.

Propos� on 25。 Let r and Fibe sudOku matrices associated withノ
0。

If κ≧κl

≧ 』て2:≧:・・・≧ |』【j>|」K・ j+1:≧ :・・・ iS a deCreaSing'SequenCe Of SudOku inatiCeS, then there

exists an″ Osuch that x"〓Йr"O fOr each π≧πO and hence F∞ =∩ 鷹lx,=κ″。.

Pr°°f・ SinCe Sr″x(九)=∩ {Sr″x(ん九):ノ∈SOL(九 )l and theaSSumptiOn,for

eaChノ∈SOι(ノ0)we have that
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(l)K>I(1> Kr2...2Ki2ff,*,)... is a decreasing sequencein STMX(f ,f o).

By (1)and Proposition 24, there exists an ns(f) such that

(2) K 
" 
: K oortD in ST M X(f ,./o) for ea'ch n>- n s(f).

Since SoL(f o) is finite we can put zs: max{noff):feSOZ(/r)}. By (2)we have

(3) K 
" - l( n o in ST M X(f , f s) f.or each n 2 n s and, each f e S O L(f o).

Thus we have Proposition 25.

Proposition 26. Le|TOOL be a non-empty subset of S?RF(/,/9). Then

there exists a finite sequence T:(TyTz...,T,o) inTOOL with the following

property:
(a) (T o r"T o o-r'.'.' ?rXK) is TO O L -stable for each K e ST M X(f ,f o).

Proposition 27. Le|TOOL bea non-empty subset of STRF(/g). Then there

existsafinitesequence T:(Tr,Tz*..,T-o)inTOOLwiththefollowingproperty:

(a) (7, o"T o o-r..... ?rXK) is TO O L -stable for each K e ST M X(f 
' 
f s) and for each

TeSoL(f o).

(b) (T * o" 
T *o- r o.'. o ?r)(K) is T o o L - stable f or ea ch K e ST M x(f s).

To prove Proposition 26 and Proposition 27 we need some propositions.

LetTOOLbea non-empty finite set. We take an infinite sequence ?
: (T 1,7 2,...T ;,T ; *t,...) in TO O L, that is, each T reTO O L. We say

t-(7:1,?2*..,7;,T;*t*..) is full inTOOL provided that it satisfies the following full

condition:
(FUL) For each n,n2l, {Tt: j>-nl=TOOL.

Proposition 28. Let TOOL be a non-empty set. Then there exists an infinite

sequence T:(Tt,Tzu..,Tu...) inTOOL, which is full inTOOL.

Proof. Since TOOL isfinite Weput
(l) TOOL:{S,, Sr,..., S,}, m>_L.

We make an infinite sequence T : (Tr, Tz,..,T;,...) as follows:

(2) T,:5n which i:um+ft, 0< k<m.

Takeany integer s)0. Since s3ms(ms*l1ms+2<.,.(ms*m , wehave

(3) {S1,S,...,S *l: fT *,,,1,T ^,+2,...,7 
*,+*} c {";: i } s} c{T ,: i :1,2,...} : {51, Sz,.'.,S.}

By (1) and (3)we have that
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(4) {}:i> s} = {S,, Sz, ...,5 *I-TOO L.

Thus, ? is full in TOOL. Hence we have Proposition 28.

Proposition 29. LetTOOL bea subset of S"RF(/,fs). Letl:(TyT2*-,T;,Ti*t,.-)

be an infinite sequence inTOOL. If ? is full in TOOL, then there exists an zo

such that
(a) (T o o"T, o- r "....' ?rXK) is T o o L - stable f or ea ch K e ST M X(f , f o).

Proposition30. LetTOOLbesubsetof S"RF(/9). Let?:(?yT2u..,T;,7;,,r,..) is

an infinite sequence inTOOL. If ? is full in TOOL, then there exists o.n tttn

such that
(a) (T * o" 

T -o- r..... " ?r)(l() is TO O L - stable f or each K e ST M X(f 
' 
f s) and f.or

each /eSO L(f o) and

(b) (T * o" 
T *r-r o.... o ?r)(K) is TO O L - stable f or ea ch K e ST M X(f s)

Proof of Proposition 29. Since TO O L is a subset of S"RF(/,/9), then for each ft,

Tn:STMX(f ,f o)-STMX(f ,f o) is a sudoku transformation. For ea'chi,j with 7)i
> 1 we put T ; ; : T iol, -ro ..." !, : ST M X(f , f o)- ST M X(f ,./s), which is the

composition of sudoku transformations Q:STMX(f ,f o)-STMX(f ,f o), i=k< i.
Take any KeSTMX(f ,.f o). We put ?(rf)r: Tr,lK) for each i, i>l and thus we

have a decreasing sequence of sudoku matrices as follows:

(l) K = T(K) p T(K) z= .... = T(K) p T j +t(T(K) j) :fl K);*r r ...
We denote T(K)-: n7Jl6)i. By Proposition 21 there exists an integer

n(T,TOOL,K,(f ,f o)) such that

(2) T(K) j:T(K)*(r,rool,K,(t,to)) for each j2n(T,TooL,K,(f,f o))'

By (2) we have that
(3) T(K)- : T(K),(r.roo t,K,(f,r o)) 

.

Since STMX(f ,f o) is finite, we can put

(4) no:n17,TooL,(f ,f o)):max{n(T,TooL,K,(f ,/o)):KeS?Mx(f ,f o)1.

Thus by (2) and (3) we have that
(5) fl Io j : T(K) 

" o for each j2 n s and each Ke S? M X(f , f o),

(6) f(K)-:T(K)", for each KeSTMX(f,fo).

Since? is full inTOOL, we have

(7) {T;:i>no*Ll:7997.
Take any TeTOOL, thus by (7) there exists an 16 such that
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(8)T:Tio and io> no+l.

Since 71,;n:TiooT;o-1o...oTnoo. .,oTt-TiooTt,i6-l r w€ have that

(9) K=...>T(K),.=....=T(K)io-r=?;o(fl K)to-r):TK),, .

By (8) we have
(10) io, is-l}ns

By (5) and (10)we have

(1 1) fl /(),0 : T(K) ; o_, 
: T(K) * o

Bv (8), (9) and (10) we have

(12) T(T( K ) 
" o) 

: T i o(T( 
K) i o- r) = T K) i o: T( K ), o .

Thus, (12)means that
(13) f(K ),0 is TO O L - stable for each Ke ST M X(f ,f o)

Note, by (6) and (13) we have

(14) 
"(lfl- 

ilSTOOL-stablefor each KeSTMX(f,fo).
Hence we have Proposition 29.

Proof of Proposition 30. Since TO O L c ST R F(f o): n {S?RF( 7, 7 o1 : f e SO L(f o)l

and STMX(f o): n{STMX(f ,f o):f eSOL(f o)}, thenTOOLcSTRF(f ,f o) for each

f eSOL(f s). Thus by Proposition 29 we have an n(T,TOOL,(f ,f o)) for each

TeSOL(f o). Since SOL(f o) is finite we can put

(l) m, : m(T,T O O L, f o) : m a r{n(T,T O O L,(f , 7 011 : f e S o L(f o)}

BV (13) in the proof of Proposition 29, and (1)we can easily show that
(2) T(K)*oisTOOL-stablefor each KeSTMX(f,f o) and for each f eSOL(fo).

Thus, by (2) we have

(3) T(K) 
^,is 

?Ool-stable for each Ke Sf M XV d.

Note by (14) in the proof of Proposition 29 , (2),(3) we have the followings:
(4) T(K)* is ?OOZ-stable for each KeSTMX(f ,f o) and for each f eSOL(f o).

(5) ?(.t()- ilSTOOL-stablefor each KeSTMX(fo).

Hence we have Poposition 30.

Proofs of Proposition 26 and Proposition2T.

Since STRF(f ,f o)is a finite set, then TOOL is also finite. Hencg Proposition 26

comes from Proposition 28 and Proposition 29.

SinceS?RF(/,) is a finite set, then TOOL is also finite Hence, Proposition 27

comes from Proposition 28 and Proposition 30. Therefore we complete the

proofs of Propositions 26 and27.
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Proposition 31. Let TO O L be a non - empty subset of S"RF(/, f o). Let T
: (T 1,7 2*..,7,) a n d I t - (T 1,T 2,...,7, r) be fin ite sequen ces in T O O L. If they

satisfy the followings :

(a) (T n o"T, o-r ".... " rlXK) is To o L -stable for each Ke ST M X(f ,f n) and

(b) (T ; : T',,-,...... Ii)(K ) is TO O L -stable for each K e ST M X(f , f o),

then we hve that
(c) T n o"T o o-ro...o ?r :T) r"T) r-ro..." Ii .

Proposition 32. Le|TOOL be a non-empty subset of SIRF(/9). Let ?
: (T 1,7 2u..,T n) a n d ! t - (T 1,7 2,...,T o r) be f in ite sequen ces in T O O L. If they

satisfy the followings :

(a) (T o o"T, o-r..... " ?r)(K) is TO O L -stable for each K e ST M X(/r) and

(b) (T'*,. T ;,-r..... " ?iXK ) is T o o L -stable for each K e sr M x(f s),

then we hve that
(c) T, o"T o o-ro...olr:f'n r"T) r-r"..."7, .

To prove Proposition 31 and Proposition 32 we need some discussions.

Proposition 33. Let TO O L and TO O L' be a non - empty subsets of ST R F(f ,f o).

LetT:(Tr,Tzu..,Ti,...) and T':(Tt,T;,...,T;,...) be intinite sequences in ?OOI and

inTOOL', respectively. If Ti<T; for each i, then we have that
(a) T|(K)*<T(K)- for each XeSTMX(f,fo).

Proposition 34. Let TooL androoL'be a non-empty subsets of s"RF(/r).
Let T : (T t, T zu..,T ;,...) a nd T, : (T t, T 2,...,7 ),...) be infin ite sequenc e s in TO O L and

inTOOL', respectivelv. lf T;3?; for each i, then we have that
(a) T'(K)*<T(K)* for each KeSTMX(fn).

Proofs of Propositions 33 and 34.

we show Proposition 33. we use the same notations as in the proof of
Proposition 29. Take any KeSTMX(f,f o). Weshow the following commutative
diagram (D):

K = T(K), = T(K)z r.... r T(K\ = I(K),*, = .....

(D)UUUU
K = T'(K), = T,(K)2 1.... r T,(K); = T,(K);*1 r .....
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To prove (D), we consider the following commutative diagram (Di) f.or each i,

K = T(K\ = T(K)z r.... I T(K\
(DIUUU

K =T'(K), = T'(K)2 r.... I T'(K);.

First, we show (D/). Since Tl,Tlaresudoku transformations, we have

(1) ?(I()l : Tr(K)cK and Tt(K)r:T t@)c K.

Since TtSTr,we have

(2) ri(r)cr{K).
By (1) and (2) we have (D/) as follows:

K = T(K)t

(D1) u

K ) T'(K)1.

Secondly we assume that (Di) holds. We show that (D(i + 1)) holds. By (Di) we

have

(3) T'(K);cT(K)r
Since ?,*r is a sudoku transformation, by (3) we have

(4) T i +r(T' (K),) cT ; *1(T(K)) : fl K);* r cT(K) ;.

Since Ti*rSTr*, and T;*1 is a sudoku transformation, we have

(5) ?'( ff ); = 
T' ( K) i * t : T i +t(T' ( K) ;) cT ; *1(T' ( K) ;).

By (4) and (5) we have

T(K); > T(K);*r

(D,) U U

T'(K); = Tt(K);*1.

BV @i) and (D') we have (D(i+ 1)). Hence by the matematical induction we have

thediagram (D).

By the diagram (D)we have

(6) ?(r)- : ni['(K) p fi ifiK) pT(K) -
(6) implies (a). Hence we have Proposition 33. By the same way we can show

Proposition 34.

Proofs of Propositions 21,22,31 and32.

\4re show Proposition 31. Since STRF(f ,f o) is finite, TOOL is also finite. Thus

we can put

(L) TO O L :{S1,S2,...,S.}, m2I.
since each s; is a sudoku transformation, by Proposition 19 we have

(2) P =S1 n 52 n ... O S, : ST M X(f , |.)-+STMX( f ,.f o) is a sudoku tr a n sf or mation,
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(3)P≦ S,for mch″ ,1≦ J≦ ″.

Let r00Z牛 ={P}and let P=(Pl,P2,… ,P"P,+1,…)be the infinite SequenCe With P,

=P fOr each Jo since P is r00Zウーfull,by the proof of Proposition 29 there

eXists an integer,O SuCh that

(4)P(K)ノ =P(κ )′Of°
r eaChノ≧ ,O and fOr eaCh K∈ Srル

"賓
スノ0),

(5)P(F),Ois T00Z中 ―stable for each F∈ Sr″ X(ス九 )。

Let,l be another integer,l Such that

(4')P(F)ノ =P(κ),lf° r mChノ≧A and fOr eaCh κ∈Srル
"賓

ス九),

(5')P(κ),lis T00ι
攣―stable fOr each κ∈SryX(ス九).

Now,let,2=pO+夕 1・
By(4)and(4')we have that

(6)P(κ),0=P(κ )'2=P(F)'lf°r eaCh κ∈Sr〃X(ス九)・

SinCeスκ ),0=(P,0。 P,0-1。 …
OPl)(F)=(P° P° …PXκ)=P′Kκ)and P(F),1

=(P,1。 P,1-1。 …
OPl)(κ)=(P° P° …PXκ)=P'1(K),by O We haVethef° 11°Wing:

claim l.P'0=P'l and Pttκ )〓 P(F),O fOr each K∈ sr〃 x(ス九 )・

We can define a map P-:STMX(f ,f o)-STMX(f ,f d as follows:

(7) P *- P'0.

Claim 1 means that P- is well-defined. Since P(K)*: o FIP(K);, by (4) we have

P(K)*: P(K)oo. By Claim I we have that P-(K) : Pp'(K): P(K)ro: P(K)-. Since

P is a sudoku transformation, by Proposition 19 P *: Pto is also a sudoku

transformation. Thus we have the following Claim 2.

Claim 2.P∞ :ST]″ .χ(元/0)―→ST昴″.X(スノ0)is a sudoku transfOr]mation and

P∞(F)=aF)∞ =P(κ ),O for each κ∈sryχ(ス九).

Claim 3. P-(K) isTOOL-stablefor each KeS?MX(f ,f o).

Proof of Claim 3. We assume that Claim 3 does not hold. Thus there exists a

KeSTMX(/,/6)such that P-(K) is not ?OOZ-stable Since P-(K):p161-
: P(K)n by Claim 2, there exists a S;:eTOOI such that

(8) s,o(P(K) ro)+ c P(K) r, .
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Thus,by(2)and(8),we have

(9)P(P(κ )′。)=(Sl∩ S2∩ …∩S")(P(κ ),0)⊂ S,0(P(F),0)キ ⊂P(κ ),0

By(5)we have

(10)IP(K),0)〓 P(κ ),0。

By(D and(10)We haVe

(11)P(F)′。キ⊂P(F)′。.

Since(11)is a contradiction,we have Clairn 3.

Claim 4.If F∈ ST〃X(スノ0)iS r00ι ―Stable then P∞ (K)〓κ.

Proof of Claim 4.Let F∈ Sryχ(スノ0)be r00二 ―Stable ThuS We haVe

(12)S,(κ )=F for each″ ,1≦ j≦ π .

By(2)and(12)we have that

aF)〓 (Sl∩ S2∩・・・∩S")(κ )=Sl(F)∩ S2(F)∩ …∩S"(K)〓 F,′・ι.,

(13)aF)〓κ.

By Clairn 2 and(13)we have that

(14)P∞ (F)≡ P(K)∞ =P(K),0=(P,OoP,0_lo¨ :oPl× F)=(PoPo… .oP)(κ )〓 κ .

Hencs by(14),we have Claim 4.

Claim 5.Let r,L∈ Sr」MX(スノ0).If F≧ ι≧P∞(κ)and Lis T00L― stable,then

L=P∞(r)。

Proof of Clailn 5。 Since P∞ is a sudoku transforIIlation by Clailn 2,by the

aSSumptiOn κ≧ι≧P∞(F)induCeS that P∞ (κ)≧ P∞(ι)≧ P∞(P∞ (κ ))・ ThuS We

have

(15)P∞ (κ)⊃ P∞(ι)⊃ P∞(P∞ (κ )).

By Clairn 3 we have

(16)P∞ (F)is T00ι ―stable

By(16)and Claim 4 we have

(17)P∞ (P∞ (κ ))〒 P∞(κ )。

By(15)and(17)we have

(18)P∞ (κ)=P∞ (二 ).

Since L is T00ι ―stable by the assumption,by Claim 4 we have

(19)P∞(二)=二・

Thus,by(18)and(19)we have

(20)P∞ (κ)=Z.

By(20)we have Claim 5.
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By the assumptions of Proposition 31 we have finite sequences r=(Tl,T2,… ,r"0)

and r′ 〓
(ri,Tt,・

・・,T;1)in rο οL With the prOpertieS(a)and(b),reSp∝ tiVely。

Claim 6.For each F∈ ST`″X(スメ0),we have

(21)κ ⊃
(r"Oor"0_1。

.… Orl)(F)⊃ P∞(F),

(22)κ⊃
(T,1。

Tれ _1。 .…。ri)(K)⊃ P∞(κ )。

Proof of Clailn 6.Weshow(21).We make an infinite sequence r*

=(ri,T,,.."TL...)aS f0110WS:

(23)ri=T,forう,1≦ j≦ %O and

(24)r:=Sl for each″ ≧″0+1.

since r is a sequencein r00ム by(23)ri=T,∈ T00ι fOrJ,1≦ グ≦%Oand by(24)

ri=sl∈ TοοL for each′,J≧ πO+1.Thus we hve

(25)T*is an infinite sequencein T00L.

By(2)and(25)we have

(26)P≦ T:for eachグ .

By(26)and Proposition 33,we have

(27)P∞ (K)=P(F)∞ ≦r中(κ)∞ .

Claim 7.T*(F)∞ 〓T中(F)"0=(r″ 00T″ 0_lo.…
oTl)(K)。

Proof of Clairn 7.By(23)we have

(28)T・(F)20=(rち
0。

Tあ。_1。….。 ri)(κ)=(r"OoT"。_lo…。Tl)(κ ).

Weshow that

(29)r中(F)ノ 〓r中(K)"Of° r eaChブ
'ノ
≧%0.

Whenノ=%0,Clearly(29)holds.Take any,ノ ≧|"0+1.ThuS by(24)we have

(30)T*(F)ノ =(r'° r;-1° …°T力0+1)(r*(κ )"0)=(Sl° Sl° “・
°Sl)(r*(F)'0)

By(28)and(a)we have

(31)r*(κ ),Ois T00Z― stable.

Since Sl∈T00ι,by(31)we have

(32)Sl(r*(κ ),0)=r中 (κ )″ 0.

By(32)we have

(33)(SloSlo… oSl)(r・ (F),0)=rホ(κ )"。 .

By(30)and(33)we have(29ヽ

By(29)we have
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By (34), (28)we have Claim 7.

BV Q7) and Claim 7 we have

(35) P-(I() : P(K)- c ?.( K) - :T.(K), o: (T n ooT,o-ro....o ?1|K) .

Since u.chT;,L:SiSno, is a sudoku transformation, by Proposition 1g

ToooToo-Lo-..I, is also a sudoku transformation. Thus, we have

(36) (T 
" o"T "o-r..... 

?r)(K)c K .

By (35) and (36) we have (21).

By the same way we can show (22). Hence we have Claim 6.

By Claim 6 we have

(37) K > (T 
" ooT n o-!o....oTr)(K) > P-(K) and

(38) .I( > (f , ,"7 ,r-1o ..-oTiXf l> P-tf l .

Since (Tno"Too-t"...."frx& is?OOZ-stableby(a)inProposition3l,wehavethe

following bv (37)and Claim 5
(39) (T 

" o"T "r-ro...." 
Tr)(K) : P-(ff).

Since (Tnr"T,,-r"....""iXr1 is?oor-stableby(b), wehavethefollowing bv(3g)

and Claim 5

(40) (T'^ r"T',, -1.....' ?i)(K) : P-(K) .

Bv (39)and (40)we have

(41) g' 
" o" 

7,0- r o.... o ?r)( K) : P *(K) : (T, r"T o r-r...... ?i)(K)

Hence we have, by (41), the following:

Cla im 8. T n o"T n o-ro...oT r - T) r"T) r-r"... oTi : P- .

Claim 8 is (c) in Proposition 31. Hence we complete the proof of Proposition 31.

By Claim 8 we can define 57 3 Troo r' - T n ooT, o-ro...of 1 - I'o roT'n r-ro -.oT t : P - .

By Claims 2,3,4 it has the required properties in Proposition 21.

By the same way we can prove Proposition 32 and Proposition 22.
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