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We discuss on the worldwide famous Sudoku by using mathematical
approach. This paper is the third paper in our series, so we use the same
notations and terminologies in [1] and [2] without any descriptions.

6. Stability in sudoku transformations.

Let K=(K,) and L=(L) be sudoku matices assosiated with (f,fy), i.e.,

aEflxlz ae TyxJ,
K, LeSTMX(f,fo)- Wesay that L is smaller than K, in notatin L< K, provided
that L,c K, for eachae J; X J,. Sometimes L< K is denoted by Lc K.

Let K=(K,) and L=(L) be sudoku matices assosiated with f,, i.e,

Ay, aellsz
K, LeSTMX(fo)=N{STMX(f,fo): f€SOL(f,)}. Wesay that L is smaller than K,
in notatin L< K, provided that L,c K, for eachac J, X J,. Sometimes L<K is

denoted by LC K.

Wesay that a map T:STMX(f,fo)—>STMX(f,f,) is a sudoku transformation
associated with (£, fo) provided that it satisfies the following conditions:
() MK)=<K for each KeSTMX(f,f),
(i) NK)=T(L) for each K, Le STMX(f,f,) with K=>L.

We put STRF(f,fo)={T: T is a sudoku transformation associated with (£, )}
and STRF(fo)=N{STRF(f,fy): f€SOL(f)}. Each element TeSTRF(f)is called
as a sudoku transformation associated with fyand T is denoted by
T:STMX(fo)>STMX(f,).

Let T, S:STMX(f,fo)—»>STMX(f,fo) be sudoku transformations associated with
(f,fo)- Wesay that T is smaller than S, in notation T<S, provided that

(iii) MK)=S(K) for each KeSTMX(f,f).

Let T, S:STMX(fo)—>STMX(f,) be sudoku transformations associated with £,.
Wesay that T is smaller than S, in notation T< S, provided that

(iv) TK)<S(K) for each KeSTMX(f,fo) and for each f€SOL(f,).
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LetT,, T, :STMX(f,fo)>STMX(f,f,) be maps. We definea map
T\NT:STMX(f,fo)>STMX(f,f,) as follows:

) (TiNT)K)=T(K)NTHK) for each K& STMX(f,f)-

Let T, T,:STMX(f))—»STMX(f,) be maps. We definea map
T\NT,:STMX(fo)>STMX(f,) as follows:

(vi) (TiNT(K)=T(K)NTHK) for each KeSTMX(f,f,) and each feSOL(f).
Wesay that themap T,N T, is theintersection map of (T, T,}.

Proposition 19. Let Ty, Ty, T5:STM X(f,f0)—>STMX(f,f,) be sudoku
transformations. Then we have the followings:

(a) Theidentity map 1:STMX(f,fo)>STMX(f,f,) is a sudoku
transformation.

(b) The composition map Ty T1:STMX(f,f))—>STMX(f,f,) is a sudoku
transformation such that 1oT, =T, Tyo1=T; and (T30Ty)oT1=T30(ToT}).

(c) Theintersection map TyNT: STMX(f,fo)>STMX(f,f,) is a sudoku
transformation such that T\NT,<T;, and T\NT,<T,.

Proof. Oviously we have (a) by the definition.

We show (b. Takeany KeSTMX(f,f,). SinceT, is a sudoku transformation,
by (i) we have

1) T(K)=K.
Since T, is a sudoku transformation, by (ii) and (1) we have

(2) TyT\(K) S TAK).
Since T, is a sudoku transformation, by (i) we have

3) THK)<K.
By (1),2),3) we have (T, T\)(K)=TyT(K))STHK)<K,ie,

@) (T T)(K)=K.
Thus (4) means that T,o T, has the property (i).

Next, we takeeach K, LeSTMX(f,f,) with K=L. SinceT, is a sudoku
transformation, by (ii) we have

©) TW(K)=T,(L).
Since T, is a sudoku transformation, by (ii) and (5) we have

6) THT(K)=THT\(L)).
Since TyTy(K))= (T T,) K) and TyTy(L))=(T,°T,)(L), by (6) we have

(7) (T2oT\)(K)=(To T,)(L
Thus, (7) means that Tonl has the property (ii). Therefore, T,oT, is a sudoku

transformation.
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We can easily show that 10T, =T, Tio1=T; and (T30 T,)oT;=T30(TT}).

We show (c). Takeany KeSTMX(f,f,). Since Ty T, are sudoku
transformations, we have that Ty(K), T{(K)eSTMX(f,f,). By Proposition 1 we
have T(K)NTyK)eSTMX(f,f,). This means that the intersection map
T.NT,:STMX(f,fo)>STMX(f,fo) is well—defined.

By (1), (3) we have

@) (T\NTL) K)=T(K)NT{K)<K.

Thus (8) means that T, N T, has the property (i).

Takeany K, LeSTMX(f,fo) with K=L . SinceT, is a sudoku transformation,
by (ii) we have

9) TAK)=THL).

By (5)and (9) we have Ty(K)NT{K)DTy(L)NTHL), i.e,

(10) (TyN T2} K)=TyK)nTo(K)> T L)INTAL)=(TiNTo)(L)-

Thus, (10) menas that 7, N T, has the property (ii. HenceT\NT; isa sudoku
transformation.

By definitions we have

(1) (T\n T K)=T(K)NT{K)=T\(K), and

(12) (T\nT,)K)=Ty{(K)N Ty K)<THK).

Thus, by (11) and (12) we have

(13) T'NT, =T, and T\ NT,=T,.

Thus, by (13), T, N T, has the required properties. Hence, we have Proposition 19.

Proposition 20. Let Ty, Ty, T5:STM X(fo)—>STMX( f,) be sudoku
transformations. Then we have the followings:

(a) Theidentity map 1:STMX(f,)—STMX(f,) is a sudoku
transformation.

(b) The composition map Ty Ty:STMX( f)>STMX(f) is a sudoku
transformation such that 10T, =T, Tio1=T, and (T30Ty)o Ty =T30(T3°T).

(c) Theintersection map T,NT,:STMX(f,)—>STMX(f,) is a sudoku
transformation suchthat T\NT,<T, and T\NT,=T>.

We can easily show Proposition 20 by Proposition 19 and definitions.

Let TOOLCSTRF(f,f,) be a subset of STRF(f,f,). Wesay LeSTMX(f,fo)is
TOOL—stable provided that it satisfies the following condition:

(ST) T(L)=L for eachTeTOOL.

Similarly, let TOOLC STRF(f,) be a subset of STRF(f,). We say that
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LeSTMX(f,) is TOOL—stable provided that it satisfies the following condition:
(ST) T(L)=L for each TeTOOLCSTRF(f,f,) and for each fESOL(fy).

Proposition 21. Let TOOLcCSTRF(f,f,) be a subset of STRF(f,f,). Then we
have a sudoku transformation STBLTOOL:STMX(f,fO)—>STMX(f,f0) with the

following properties:
(@) STBLT®°K(K) is TOO L—stable for each Ke STMX(f,f,).

(b) If Le STMX(f,f,) is TOO L—stable, then STBLT?°L(L)=L.

Proposition 22. Let TOOLCSTRF(f,) be a subset of STRF(f,). Then we have
a sudoku transformation STBLT°L: STM X( f,)—>STMX(f,) with the following
properties:

(a) STBLT?°L(K) is TOOL—stable for each KeSTMX(f,f,) and for each
fESOL(fy).

(b) If LeSTMX(f,) is TOOL—stable, then STBLT°L(L)=L.

When TOOL = ¢, we can take the identity map L:SMTX(f,fo)—>SMTX(f,f,)
and 1:SMTX(f)—»SMTX(f,) as STBL"’:SMTX(f,fO)—>SMTX(f,f0) and
STBL?:SM TX(fo)>SMTX(f,), respectively. Therefore, in the follwing

discussin we can assume that TOOL x ¢.
For our proofs of Proposition 21 and Proposition 22 we need many steps.

Proposition 23. Let V be a finite set. If VOV ,5V,>..0V,;DV;,;D.. isa

decreasing sequence of sets, then there exists an »#, such thatV,= V., for each
n=n,and henceV _ =n32,V;= Vo,

Proof. If V=¢, we can choose #n,=1. So in the following discussion we assume
thatVxé.

We assume that the conclusion does not hold. Thus there exists an increasing
sequence of integers such that

D) n<n, < <n;<nj 1 <

@ V,> xV,, foreachiz=l

By (2) wecan takea bn, €V, —V,,  foreachixl,and put P={pni:i;1}. Thus

we have that
(3) PcV and
(4) P is infinite.
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Weshow (3). Takeany i. since p, €V, cV, then p, €V. Thus we have (3).
We show (4). We assume that P is finite. Then there exist ,7=>1 such that
() j>iand p,, = pn,.
By (5) and our construction we have that p,,l_eV,,l_— V,,',+1 R p,,jeV,,j— Vn]-+l ,that is,
6) &V ,,+1 and
@) bu, €V,
By (1)and j>i, n;=n;+1 and then
®) Vas1DVa -
By (6) and (8)
©) bu, &V,
Since we have (5), (7) and (9) make a contradiction. Hence, (4) is true.

By (3),we have that |P|<|V|< o, thatis, P is finite. This contadicts to (4).
Hence, we have Proposition 23.

Proposition 24. Let K and K; be sudoku matrices associated with (£, fy),
i=12,... If KK, >2K,=>..2K;>K; ,>.. is a decreasing sequence of sudoku
matices, then there exists an n,suchthat K,=K, for eachn=n,andhence
K.=nZ,K,=K, .

Proof. Let K=(K, and K,=(K,,)ac eSMTX(f,f,). By the
’ J1%J,

A€ J1xT,
assumption we have

(1) KaDKl,aD'"DKk,aDKlH-l,aD"" for each aE]l X]z.
For eachae J, X J,, since|K, <9, by (1) and Proposition 23 there exists an #,
such that

@) K,.,=K, . foreachnz=n,.

Weput ny=max{n,;acJ, X J,}. By (2) wehave that

3) K, o=K, q for eachn>=n,and eachaecJ, X J,.

(3) means that K, =K, for eachn=n, Hencewe have Proposition 24.

Proposition 25. Let K and K; be sudoku matrices associated with f,. If K> K,
=K,>..2K,>K; ,=>... isa decreasing sequence of sudoku matices, then there
exists an nysuch that K, =K, foreachn=n,andhenceK .=n2,K;= K,.

Proof. Since STMX(f,)= n{STMX(f,fO):feSOL(fO)} and the assumption, for
each feSOL(f,) wehave that
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1O)K=K,=K,=..2K,=K,,,=... isa decreasing sequence in STMX(f,f).
By (1) and Proposition 24, there exists an n(f) such that
@) K,=K,y in STMX(f,fo) for each n=nf).
Since SOL(f,) is finite, we can put ny=max{nyf): f€SOL(f,)}. By (2) we have
3 K,=K,, in STMX(f,fo) for each n=n, and each f€SOL(f,).

Thus we have Proposition 25.

Proposition 26. Let TOOL be a non—empty subset of STRF(f,f,). Then
there exists a finite sequence T = (Tl, Tz,...,T,,o) in TOOL with the following

property:
(a) (T,,ooT,,o_lo...oTl)(K) is TOO L —stable for each KeSTMX(f,f,)-

Proposition 27. Let TOOL be a non—empty subset of STRF(f,). Then there
exists a finite sequence T=(T}, Tz,...,T,,,o) in TOOL with the following property:

(a) (T,,ooTno_lo...oTl)(K) is TOOL—stable for each KeSTMX(f,f,) and for each

fESOL(fy).
(b) (TomyoTmy-10--oT1)(K) is TOOL—stable for each KeSTMX(fy).

To prove Proposition 26 and Proposition 27 we need some propositions.

Let TOOL be a non—empty finite set. We take an infinite sequence T
=(T,Ty...T5;Tiy1,) in TOOL, thatis, each T,€TOOL. Wesay
T=(TyTy.., Ti,T;1 1) is full in TOOL provided that it satisfies the following full
condition:

(FUL) For each n,n=1, {T;:j=n}=TOOL.

Proposition 28. Let TOOL be a non—empty set. Then there exists an infinite

sequence T=(Ty, Ty,...,T;, ...) in TOOL, which is fullin TOOL.
Proof. Since TOOL is finite. We put

(1) TOOL=(S,, Sy .., S}y m=1.
We make an infinite sequence T=(Ty, Ty,..., T}, ...) as follows:

(2) T;=S, whichi=um+£k, 0<k=m.

Take any integer s >0. Sinces<ms<ms+1<ms+2<...<ms+m , wehave

3) (SuSrerSm} ={Tms+1:Tms 42 Tmsam} <{T 152 s}c{T;: j=1,2,..} ={S1, SzpeessSu}
By (1) and (3) we have that
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@) {T;:j=s}={S1, Sp --+Sm}=TOOL.
Thus, T is fullin TOOL. Hence we have Proposition 28.

Proposition 29. Let TOOL be a subset of STRF(f,f,). Let T=(T,Ty,..,T;,T;,1,...)
be an infinite sequence in TOOL. If T is full in TOOL, then there exists an »n,

such that
(a) (T,,ooT,,o_,o....oTl)(K) is TOO L —stable for each KeSTMX(f,f,).

Proposition 30. Let TOOL be subset of STRF(f,). Let T=(T,T,...T;,T;4,...) is
an infinite sequence in TOOL. If T is fullin TOOL, then there exists an m,
such that

(@) (T Tmg-10---0T1)(K) is TOOL—stable for each K&eSTMX(f,f,) and for
each feSOL(f,) and

(b) (T,,,oono_,o....oTl)(K) is TOO L—stable for each KeSTMX(f,)

Proof of Proposition 29. Since TOOL is a subset of STRF(f,f), then for each £,
T.:STMX(f.fo)—>STMX(f,f,) is a sudoku transformation. For eachi,j with j=i
=21 weputT;;=T;°T; 10..0T;:STMX(f,fo)>STMX(f,fo), which is the
composition of sudoku transformations T,: STMX(f,fo)>STMX(f,fo), iSk=j.

Takeany KeSTMX(f,f,). Weput T(K);=T, (K) for each j, j=1 and thus we
have a decreasing sequence of sudoku matrices as follows:

(1) KoT(K),DT(K);2...ODT(K),2T;.«(T(K);)=T(K);41D-..
Wedenote T(K)..= N7, T(K);. By Proposition 21 there exists an integer
n(T,TOOL,K, f,f,)) such that

() T(K);=T(K)ur,rooLk,s.sy) foreachjz=n(T,TOOL,K,(f,fq).
By (2) we have that

@) T(K).=T(K )n(T,TOOL,K,(f, fo)) *

Since STM X(f,f,) is finite, we can put

@) ny=n(T,TOOL,f,fo) =max{n(T,TOOL,K,f,fo): KeSTMX(f,f,)}-

Thus by (2) and (3) we have that

(®) T(K);=T(K),, for each j=n,and each KeSTMX(f,fo),

6) T(K).,=T(K),, for each KeSTMX(f,fo).

SinceT is fullin TOOL, we have

(7) {T;:izny+1}=TOOL.

Takeany TeTOOL, thus by (7) there exists an i, such that
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@) T=T;, and iy=n,+1.
Since Ty; =T;T;-10w0Tp0uoT1=T;oTy; _, , wehavethat
© K>5..5T(K),>..oT(K); 2T (T(K);,1)=T(K);,
By (8) we have
(10) ig lg—1=n,
By (5) and (10) we have
(11) T(K);,=T(K);,-1=T(K),,
By (8),(9) and (10) we have
(12) T(T(K)n)=T:(T(K);,-1)=TK);,=T(K),
Thus, (12) means that
13) T(K),, is TOOL—stable for each KeSTMX(f,f,)

Note, by (6) and (13) we have
(14) T(K)., is TOOL—stable for each KeSTMX(f,f,).

Hence we have Proposition 29.

0

Proof of Proposition 30. Since TOOLCSTRF(f,)= N{STRF(f,fo): f€SOL(f,)}
and STMX(fo)=N{STMX(f,f.): f€SOL(f,)}, then TOOLCSTRF(f,f,) for each
f€SOL(fy). Thus by Proposition 29 we havean »n(T,TOOL,(f,f,)) for each
feSOL(fy). SinceSOL(f,) is finite, we can put

(1) my=m(T,TOOL, fo)=max{n(T,TOOL, f,f,)): fESOL(f,)}

By (13) in the proof of Proposition 29, and (1) we can easily show that
(2) T(K),,, is TOO L—stable for each K€STMX(f,f,) and for each fESOL(f).

Thus, by (2) we have

3 T(K),,,0 is TOOL —stable for each KeSTMX(f,).

Note, by (14) in the proof of Proposition 29, (2),(3) we have the followings:

(4) T(K)., is TOOL—stable for each KeSTMX(f,f,) and for each f€SOL(f).
(6) T(K)., is TOOL—stable for each KeSTMX(f).

Hence we have Poposition 30.

Proofs of Proposition 26 and Proposition 27.
Since STRF(f,f,) is a finite set, then TOOL is also finite. Hence, Proposition 26

comes from Proposition 28 and Proposition 29.

Since STRF(f,) is a finite set, then TOOL is also finite. Hence, Proposition 27
comes from Proposition 28 and Proposition 30. Therefore we complete the
proofs of Propositions 26 and 27.
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Proposition 31. Let TOOL be a non—empty subset of STRF(f,f,). Let T
=(Ty Ty, T,) and T’ = (Ti,Té,...,T;,l) be finite sequences in TOOL. If they
satisfy the followings:

(a) (TnyoTy,—1°.oT ) K) is TOOL—stable for each KeSTMX(f,f,) and

(b) (T;,loT;,l_lo....oTi)(K) is TOO L—stable for each KeSTMX(f,fy),

then we hve that
(C) TnooTno—lo'"OTl=T;11°T7’11—10'"°Ti .

Proposition 32. Let TOOL be a non—empty subset of STRF(f,). Let T
=(Ty Ty Tyy) and T’ = (Ti,Té,...,T;,l) be finite sequences in TOOL. If they
satisfy the followings:

(a) (T,,ooT,,o_lo....oTl)(K) is TOOL—stable for each KeSTMX(f,) and

(b) (T,oTy,—10--oT1)(K) is TOO L—stable for each KeSTMX(f),

then we hve that
(C) TnooTno—lo"'oT] = T;,IOT;l_lO...OTi .

To prove Proposition 31 and Proposition 32 we need some discussions.
Proposition 33. Let TOOL and TOOL’ be a non—empty subsets of STRF(f,f,).
Let T=(Ty, Ty...T},..) and T’ =(Ty, Ty,...,T;, ...) be infinite sequences in TOOL and
in TOOL’, respectively. If T;<T, for eachi, then we have that

@) T(K)=T(K), for each K&STMX(f,f).

Proposition 34. Let TOOL and TOOL’ be a non—empty subsets of STRF(fy).
Let T=(T, Ty...T;,...) and T’ =(T}, Ty,..., T}, ...) be infinite sequences in TOOL and
in TOOL’, respectively. If T;<T; for eachi, then we have that

(@) TK)w=T(K), for each KeSTMX(f).

Proofs of Propositions 33 and 34.

We show Proposition 33. We use the same notations as in the proof of
Proposition 29. Takeany K< STMX(f,f,). We show the following commutative
diagram (D):

K >T(K), > T(K), ... T(K); > T(K)iy; D ...

(D) U U U U

K oT(K), > T'K), >...2 T'K); T'K)iy; D ... .
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To prove (D), we consider the following commutative diagram (D) for eachi,
K o> T(K), o T(K), ... T(K),
(D1i) U] U 0]
K o T'K), o T'K); >...2 T'(K);.
First, we show (DI). Since T, T; are sudoku transformations, we have
1) T(K);=TyK)cK and T"(K),=TK)cK.
Since T <T;, we have
@) T(K)cTy(K).
By (1) and (2) we have (DI) as follows:
K > T(K)
(DI) U
K o T'K) .
Secondly we assume that (Di) holds. We show that (D(i +1)) holds. By (Di) we
have
@) T'(K),cT(K);.
Since T, is a sudoku transformation, by (3) we have
@) Ty (TK)) T o(TUK)) = T(K); 1, € T(K):.
SinceT;,,<T;,, and T;,, is a sudoku transformation, we have

6) T(K); 2T (K)i1=Ti(T(K);) cTi(T"(K);).

By (4) and (5) we have
T(K); D T(K)in
(D) U U

T'(K); o T'(K)is1-
By (Di)and (D’) we have (D(i+1)). Hence by the matematical induction we have
thediagram (D).
By thediagram (D) we have
6) T'(K)= 0 2 T/(K), N 2 T(K);=T(K)..
(6) implies (a). Hence we have Proposition 33. By the same way we can show
Proposition 34.

Proofs of Propositions 21,22,31 and 32.
We show Proposition 31. Since STRF(f,f,) is finite, TOOL is also finite. Thus

we can put
(1) TOOL={S,Sy-.xSu}, m=1.
Since each S; is a sudoku transformation, by Proposition 19 we have
@) P=5,nS:N..NS,:STMX(f,fo)>STMX(f,fo)isa sudoku transformation,
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(3) P<S, for eachi, 1<i<m.
Let TOOL*={P}and let P=(P,,P,,....P;P;,,,...) be the infinite sequence with P;

= P for eachi. Since P is TOO L*—full, by the proof of Proposition 29 there
exists an integer p, such that

(4) P(K);=P(K),, for each j= p, and for each KeSTMX(f,f,),
() P(K),, is TOOL*—stable for each KeSTMX(f,f).

Let p, be another integer p, such that
4’) P(K);=P(K), for each j= p; and for each KeSTMX(f, /),

(5’) P(K), is TOOL*—stable for each K& STMX(f,f).

Now, let p,= po+ p;. By (4) and (4’) we have that
(6) P(K),,=P(K),=P(K), for each KeSTMX(f,f)-

Since P(K),,= (PP ,_1°--oP1\K)=(PoPo..P\K)=P"(K) and P(K),,

=(P,oP, jo..0P\)K)=(PoPo..P\K)=P"(K) , by (6) we have the following:
»°p

Claim 1. P"=P" and P"(K)=P(K),, for each K€ STMX(f,fo).

Wecan definea map P..:STMX(f,fo)>STMX(f,f,) as follows:

(7) P..=P".
Claim 1 means that P, is well—defined. Since P(K),,= N ., P(K);, by (4) we have
P(K),,=P(K), . By Claim 1 we have that P.(K)=P"(K)= P(K), =P(K). Since

Pis a sudoku transformation, by Proposition 19 P._=P" is also a sudoku

transformation. Thus we have the following Claim 2.

Claim 2. P:STMX(f,fo)>STMX(f,f,) is a sudoku transformation and
P (K)=P(K).=P(K), for each KeSTMX(f,fo).

Claim 3. P(K) is TOOL—stable for each KeSTMX(f, f,).

Proof of Claim 3. Weassume that Claim 3 does not hold. Thus there exists a
KeSTMX(f,f,) such that P_(K) is not TOOL —stable. Since P (K)=P(K),,
=P(K),,0 by Claim 2, there exists a S,-OETOOL such that

®) S (PK)y)% CP(K),, .
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Thus, by (2) and (8), we have
©) P(P(K)p)=(S10S2N... N S,,)(P(K), ) Si(P(K) )% CP(K)y, .

By (6) we have
(10) P(P(K),o)=P(K)p .

By (9) and (10) we have
(A1) P(K),,*CP(K),, .

Since(11) is a contradiction, we have Claim 3.

Claim 4. If KeSTMX(f,f,)is TOOL—stable, then P (K)=K.
Proof of Claim 4. Let KeSTMX(f,f,) be TOOL—stable. Thus we have
(12) S{K)=K for eachi,1<i<m.
By (2) and (12) we have that
P(K)=(S:nS;N..NnS,)(K)=S(K)NSy(K)N..NnS,(K)=K, i.e,
(13) AK)=K.
By Claim 2 and (13) we have that
(14) Pw(K)'=P(K)°°=P(K),,°=(P,,ooP,o_lo...oPl)(K)=(PoPo....oP)(K)=K .
Hence, by (14), we have Claim 4.

Claim 5. Let K, Le STMX(f,f,). If K=L=P (K) and L is TOOL—stable, then
L=P_(K).

Proof of Claim 5. Since P, is a sudoku transformation by Claim 2, by the
assumption K=>L>P_(K) induces that P (K)=P . (L)=P.(P(K)). Thus we
have

(15) P(K)D P (L)DP (P K)).

By Claim 3 we have

(16) P (K)is TOOL —stable.
By (16) and Claim 4 we have

(17) P (P(K))=P (K).

By (15) and (17) we have

(18) P (K)=P(L).

Since L is TOO L —stable by the assumption, by Claim 4 we have

(19 P (L)=L.

Thus, by (18) and (19) we have

(20) P (K)=L.

By (20) we have Claim 5.
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By the assumptions of Proposition 31 we have finite sequences T = (Tl,TZ,...,T,,o)

andT'= (Tl,TZ, T ) in TOOL with the properties (a) and (b), respectively.

Claim 6. For each KeSTMX(f,f,), wehave

(21) Ko(T, 0T yy10-oT1)K)D P oK),

(22) K:)(T;loT;,l_lo....oTi)(K)DPw(K).

Proof of Claim 6. We show (21). We make an infinite sequence T*

=(T}, T5,...T},... ) as follows:

(23) Ti=T,; for i,1<i<mnyand

(24) T:=S, for eachi,i=n,+1.
SinceT is a sequencein TOOL, by (23) T;=T;€TOOL for i,1<i<n, and by (24)
T:=8,€TOOL for eachi,i=n,+1. Thus wehve

(25) T*is an infinite sequence in TOOL.
By (2) and (25) we have

(26) P<T; for eachi.

By (26) and Proposition 33, we have
27) P(K)=P(K),<T"(K).

Claim 7. TXK)w=T"(K)»,=(Tn,2Tn,-1°-oT1\K) .
Proof of Claim 7. By (23) we have
(28) T*(K),,o=(T;‘,ooT;‘)_lo....oTI)(K)=(T,,ooT,,o_lo...oTl)(K) .
We show that
(29) T*(K);=T*(K),, for each j, j=n,.
When j=mn,, clearly (29) holds. Takeany j, j=n,+1. Thus by (24) we have
(30) T(K);= (T30 T100 T3 a)(T*(K) ) =(S181020S)(T*(K),)
By (28) and (a) we have
31) T*(K),, is TOOL—stable.
Since $,€TOOL, by (31) we have
(32) Sy(T*(K),))=T*(K),,
By (32) we have
(33) (81981008, (T*(K), ) =T*(K),

By (30) and (33) we have (29).
By (29) we have

0°
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(34) T K)ew= N T K);=T"(K),,.
By (34), (28) we have Claim 7.

By (27) and Claim 7 we have
(35) Po(K)=P(K).CT (K)o =T"(K),=(TyoTn,10-oTi)K)

Sinceeach T;,1=<i=<n,, is a sudoku transformation, by Proposition 19

T,,ooT,,o_lo...oTl is also a sudoku transformation. Thus, we have
(36) (T,,ooT,,o_,o...oTl)(K)cK.

By (35) and (36) we have (21).
By the same way we can show (22). Hence we have Claim 6.

By Claim 6 we have
(37 K;(T,,ooT,,o_lo....oTl)(K)gPw(K) and

(38) Kg(T;loT;l_lo....oT{)(K);Pw(K).
Since (T,,ooT,,o_lo....oTl)(K) is TOO L —stable by (a) in Proposition 31, we have the
following by (37) and Claim 5
(39) (Tr,2Twy-1°-0T1)(K) =P (K).
Since (T;,loT;l_lo....oTi)(K) is TOO L —stable by (b), we have the following by (38)
and Claim 5
(40) (T;,loT;l_lo....oTi)(K)=Pm(K).
By (39) and (40) we have
A1) (T, oTyy-10-oT 1K) =P (K)= (T;loT;l_lo....oTi)(K)
Hence we have, by (41), the following:
Claim8. T,oT, _io..cT = T;loT;l_lo...oT{ =P,.
Claim 8 is (c) in Proposition 31. Hence we complete the proof of Proposition 31.
By Claim 8 we can define STBL™%%*=T,, oT, _io..cT\=T, T, _o..oT;=P,,.

By Claims 2,3,4 it has the required properties in Proposition 21.
By the same way we can prove Proposition 32 and Proposition 22.
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