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We discuss on the worldwide famouse Sudoku by using mathematical

approach. This paper is the 4th paper in our series, so we use the same

notations and terminologies in [1],[2]and [3] without any descriptions.

7. Properties of stability.

Let Sbea set. Weput2s:{A:AcS} . 2sis called by thepower set of S and

sometimes it is denoted by Pout(S).

Let 4 and B besubsets of STRF(ス ノ0)。 Wesay that■ and B are stable

equivalent,in notation五 =sB,provided that sTBLA=srBLB in sTRF(ス ノ0)。

Let A and B besubsets ofSTRa九
)。
Wesay that 4 and B areStable

equivalent,in nOtatiOn 4=sB,prOVided that STBLA=STBι
Bin STRI九

)・

Proposition 35. (a) The stable relation :, in S?RF(f,f ,1is an equivalence

relation.
(b) The stable relation =, in SfRF(,fo) is an equivalence relation.

We can easily show Proposition 35.

Let A,B be sets of sudoku transformations and p: A---B be a map. We say that
p is a decreasing map provided that it satisfies the property:

(DC) p(")<? for each TeA.
We say that A decreases B, in notaion A4 psB, provided that there exists a

decreasing map p : A-- B.

P'roposition 36. Let五 ,3,C be sets of sudoku transfornlations. Then we have

the followings:

(a)五 《Dε五 .

and B then A

*EIneritus proffesor,Yalllaguchi IJniversity,Yalllaguchi City,753,Japan

If五
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(C)If五 くDεB,then 4 U Cく ,cB U C fOr any C.

(d)If 4⊂ B,then五 《,cB

We can easily show P'roposition 36.

Proposition 37.(a)Let■ ,B⊂ STRF(スノ0).If五 ≪DcB,then STBLB≦ S7B二
五 in

STRIスノo)。

(D Let■ ,3⊂ STRF(/0)。 If■≪DcB,then SrBι
B≦ STBLA in STRF(ノ 0).

Pr00f・ WeShOW(a)・ Takeany K∈ ST″X(ス九)・ We define P・ ,Pβ :

ST″χ(ス九)→ST.″光(ス九)as fonows:P・ (κ)〓 ∩{aF):r∈ 五}and PB(K)

=∩ {ακ):S∈ B}.

Since“4≪ DcB,thereis a decreasing inap ρ:五―→B. Since ρ is a decreasing inap,

we have

(1)ρ(0≦ r fOr each T∈ 五.

By(1)We haVe

(2)ρ(0(F)⊂ aF).

Weput B*={ρ (r):T∈五}⊂ B.Thus,by(2),we have

(3)PB(F)〓 ∩{ακ):S∈ B}⊂ ∩{ρ(0(F):ρ (η∈B*}⊂ ∩{aF):r∈ 五}=PA(F)
By(3)P■ (κ)⊃ PB(F),i.e,

(4)P五≧PB.

Let P・ =(P・ ,P■ .。,P・ ,“ )̈and PB=(PB,PB,...,PB,...)be infinte sequences.By(4)

and:Proposition 33 we have

(5)P・ (F)∞ ⊃P3(F)∞ .

Since P全 (κ)=P・ (κ )∞ and P二(K)=PB(K)∞ ,by(5)and Claim 8in the proof of

Proposition 21 we have that

(6)STBι
五
(F)〓 P全(κ )⊃ P二(F)〓 STBLB(κ )。

By(6)we have

(7)STBL五 ≧SrBι
B.

Hence by(7)we have(a)。

Bythesame way wecan show(D.Hence we have Proposition 37.

Corollary 38.(a)Let■ ,B⊂ STRF(スノ0).If五 ⊂B,then STBι
B≦ STB二五 in

STRIス九)。

(D Let A,3⊂ STRF(ノ0).If A⊂ B,then STBLβ ≦STB二
五in STRF(ノ

0)。

Let」[be a set of sudoku transfOrnlations.Thusfor each π we put

(″∩)■
"n={Sl∩

S2∩…nS":Sl,S2,… ,S"∈■}・
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When 51 :$r:...:S,:S, wehaveSrnSzn...OS,:S. Thus A,n=A
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Proposition 39。 (a)Let五 ⊂STRF(ス九).Then 4"n=sA in STR■元九)for each
%。

(b)Let五 ⊂SrR■/0).Then 4"n=sA in STR■ 九)for each".
Proo■ Weshow(a)。 Let B=五

"n.Takeany 
κ∈SryX(スノ0).We define PA,PB:

sT〃χ(ス九)→sT″x(ス九)as foHows:P・ (r)=∩ {ar):T∈ 五}and PB(F)

=∩ {ακ ):S∈ B}・ By the definitiOn Of(π ∩ )We Can eaSily ShOW

(1)P・ (F)=PB(F).

Let P五 =(P・ ,P・ ...,P五 "…)and PB=(PB,PB,...,PB,...)be infinte sequences.By(1)

we have

(2)P4(F)∞ =PB(F)∞ .

SincePl(κ )=P・ (F)∞ and P二(r)=PB(F)∞ ,by(2)and Claim 8in the proof of

P'roposition 21 we have that

(3)STBZス(F)=P全(F)〓 P二(κ)=="lBι
B(κ

)。

By(3)we have

(4)SrB二
五=SrBLB.

Hence by(4)we have(a)。

By thesame way wecan show(Do Hence we have Proposition 39.

Let A, B be sets of sudoku transformations. We say that A is dominated by

B, in notatin A" < B, providd that it satisfies the condiiton:
(DT) for each SeA there exist finite T1,T2,...,TneB such that S=?roT2o...oln.

Proposition 40。 (a)Let五 ,B⊂ STRF(スノ0)。 If五 o≦ B,then■ UB=sB in

STR■ス九)・

(b)Let■ ,3⊂ STR■九)。 If五 o≦ B,then■ UB=sB in STRF(九 ).
Proof.Weshow(a)。 By Propos�on 26 we have finite sequences r〓 (Tl,T2,… ,T")

in B and S=(Sl,S2,… ,S")in 4 U B SuChthatfOr eaCh κ∈Sr.″X(スノ0)

(1)(r"。 T″ _1。…。rl)(F)iS B― StabL

(2)(S"oS"_lo… oSl)(κ )is A U B― stable.

By Clain1 8 in the proof of P)roposition 21,we have

(3)STBZβ(K)=(T"or″ _lo… oTl)(κ ),

(4)SIBι
■UB(F)=(S"oS"_lo… oSl)(r).

Since B⊂ 五 uB,by(2)we have

(5)(S"oS″ _lo… oSl)(F)is B― stable.
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Since S is a sequencein」 AUB,then we have

(6)Si∈ 五 u B for″ ,1≦ グ≦解.

since Ao≦ B,we have the condition(DT)。 By ⑥ someSi∈ A can bethe

conlposition of finite elen.entsin B. Thus we have a finite sequence r′

=(ri,Tち ,...Tl)in 3 SuCh that

(7)S"oS"_lo.¨ oSl=riOri_10… Ori.

By(5)and(7)we have

(8)(T力ori_lo… oTiXκ)〓 (S"。 S"_10…。Sl)(κ)is B― stable

since r and r′ are finite sequences in 3 and they satisfy(1)and(8),by

Proposition 31 we have

(9)(r"。 T"_1。…Orl)(F)=(riOri_10… Ori)(κ )。

By(8)and(9)we have

(lo)(r"。 T"_10… Orl)(κ )=(S"。 S"_1。…。Sl)(F)・

By(3),(4)and(10)we have

(11)STBLB(K)=SITBLAUB(F).

(11)meanS that

(12)STBLBI=STBLAUB.

Thus,by(12)we have

(13)五 uB=sB in STRF(ス 九 )。

Hence we have(a).

By thesalme way wecan shOw(Do we cOmplete the proof of Proposition 40。

Proposition 41。 (a)Let■ ,3,C⊂ STRF(スノ0)。 If■。≦B and Cくっc■,then

■uBuc=sA u B=sB u C=sB in STRF(ス ノ0).

(D Let■ ,3,C⊂ STRF(/0).If■ o≦ B and Cく ,c■,then■ uBuC=sA U B=s

BuC=sB in STRF(ノ 0).

Pr00f「weshOw(a)。 since■ o≦ B,by Proposition 40 we have

(1)五 UB=sB

By(1)We haVe

(2)STBι・
Uβ
==SrBLβ .

since■。≦B,we can easily shOw that A。 ≦Buc.Thus by Proposition 40 we

have

(3)五 uBuC=sB U C.

since cく Dc■,wecaneasilyshOwthatBuc≪ Dc.AuB.Thus by Proposition 37

we have

(4)SrB二
五UB≦ STBι BUC.
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By(2)and(4)we have

(5)SrBLB≦ SrBLBuC.

since B⊂ BuC,by Corollary 38 we have

(6)SrBLBuC≦ S17Bι
B.

By(5)and(6)we have

(7)SrBι
BUC=Sr13LB.

(7)mea ns that

(8)BuC=sB.
]BIy(1),(3)and(8)we have the required properties.Thus we have(a).

By thesalme way WeCan ShOW(Do HenCe We COmplete the pr00f Of PrOpOSitiOn

41.

8. Classification of intersectable systems I.

In the section 8 we discuss intersectable systems. In this section we classify

them and show somebasic relations among them.

By Proposition 18 we have the following:

Proposition 42. {T,: a e BTOO L}c Sf R FU o).

Let S={Sl,S2,… ,S"},T={ι l,′ 2,""′
"}⊂
Bικ fOr",1≦ π≦9.The pair(Sr)iS

intersectable π―systern provided that it satisfies the f0110wing.conditions

(i)si∩ sノ =φ ,′ j∩ち=φ l≦ J≦π,1≦ノ≦″,Jキノ

(iD Sin′ノキφ'1≦
J≦π
'1≦ノ≦
π

(�i)S=SlU S2U¨・US",′ =′lU′2U・"U′
"・

When we classify intersectable systems, we can identify (S,?)and (?,S). Thus

we put < A,B> :{(A,B), (B,A)1.

We can easily classify intersectable systenns by rudinlentary techniques as

follows:

P'roposition 43. Allintersectable systenas are classified as following types.

For′j∈ /07,ε :∈
`07,ら

,∈うιF,1≦ ′≦9,

Typel:≪
{/1},{ι l}≫

Type2:く
{ら 1},{/1}≫ Uく {う ll,{θ l}≫

Type3:く {bl,2},{/1,角 }》 Uく {ら 1,b2},{θ l,θ 2}≫

Type4:く
{う 1,ノ 1},{ε l,θ 2}》 Uく {bl,θ l},{′1,ち}>
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Type5:く {/1/2},{θ l,θ 2}≫
Type6:く

{ら 1,ら 2,ら 3},{/1/2,グ3}≫ Uく {ら 1,ら 2,ら 3},{θ l,θ 2,ι 3}》

Type7:く
{ら 1,ら 2/1},{θ l,θ 2,θ 3}≫ U≪ {う 1,う 2,θ l},{/1,/2,/3}≫

Type8:く
{ら 1,/1,グ2},{ι l,θ 2,θ 3}≫ Uく {う 1,θ l,θ 2},{グ1,/2,角}≫

Type 9:く {/1/2,角 },{ε l,θ 2,θ 3}≫

Type 10:く
{/1,グ 2/3,グ 4},{θ l,θ 2,θ 3,θ 4}≫

Type ll:く
{/1/2,/3,/4,/5},{θ l,θ 2,θ 3,θ 4,θ 5}≫

Type 12:《
{グ 1,/2,/3,/4/5,為 },{θ l,θ 2,θ 3,θ 4,65,ι 6}≫

Type 13:く
{/1,/2/3,/4,/5,宅 ,/7},{θ l,ι 2,63,θ 4,θ 5,θ 6,ε 7}≫

Type 14:く {/1,/2/3,/4/5,/6,,/7,/8},{θ l,θ 2,ι 3,θ 4,θ 5,θ 6,θ 7,θ 8}》

Type 15:く
{/1,/2,″3,/4,/5′ 6,,グ7,/8′9},{θ l,θ 2,ι 3,θ 4,ι 5,θ 6,θ 7,θ 8,θ 9}≫

Proposition 44。
(′
rype l)Let ω=:(S,1・ )be an intersectable systenl as type l.Let S

={sl},T〓 {′1}such thatslis a row and′ lis a clolumn.Let s〓 sl and′ =′1.Let ωl

=(S~S∩ ′,S),ω 2=(S∩ ′,ι ),ω 3=(′ ~S∩ ′,′)and ω4=(S∩ ′,S)。 We haVethat

(a)T。
2°
Tω
l∩
T°
4°
Tω
3≦
rω in SrRF(スノ0)for eachノ ∈SOL(ノ 0).

Proof.Take anyノ ∈SOι(九)and takeany K=(κα)α∈′lxみ ∈Sr.″X(ス九)。 Let

r。(κ)=aS'TXr)〓 κ′〓(κ l)α∈ノ1×ノ2・ By the definiti° n WehaVe

r」【α                ノοグα∈(ノ 1×ノ2~SU′ )U(S∩ ′)
(1)Zl=lκα∩κ′_s=κα―(ノ3~κ′―s)  ノ0″α∈S― S∩ι

l亀∩Fs_′ =亀―(ノ3~Fs―′) ル″α∈′―S∩′

We puts={(グ 0,1),(jO,2),.… ,(jO,9)l and′ =I(1,九 ),(2,九),… ,(9,ガ}for some,Oand九 .

We put αo=(Jo,ガ ,and S∩′={α o}・ ThuS

(2)s―′=s― s∩′={(グ 0紛 :1≦ノ≦9,ノキノ0}

(3)′―s=ι―s∩ι={(J,九):1≦″≦9,″キ
'0}.

We reCall thatノ iS a SudOku lnapノ :ノ 1× ノ2¨→ノ3 With the prOperty(SD』 И). By

(SD■のWe haVe

(4)ノ ls:s―)ノ3andノ |′ :′ ~→ノ3 are biユ℃tiVe

By(4)

(5)ス s)〓ス′)=ノ 3 and then lス S)|〓 |ス″)|=|ノ31=9・

(6)|ス s―′)|〓 |ス′―s)|〓 8.

SinCe F=(κα)α∈ノ1×ろ
∈STル
"Ц
ス幻 ,We haVe

(7)メ(α )∈καfor α∈Jl×ノ2・

By(7)we have
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(8)ス s―′)={ズ (,0,の ):1≦ノ≦9,ノキ九}⊂ U{K(猜):1≦ノ≦9,ノキ九}=κs_′ ⊂ノ3・
By(6),(8)we have

(9)8=|ス s― ′)|〓 |{ズ (JO,の ):1≦ ノ≦ 9,ノキ九}|≦ l κs_′ |≦ |ノ31=9・
By(9)We haVe

(10)l κs_′ |〓 8 or l κs_′ |=9.

We assumethat l κ._`|=8.By(6)and(o,we have

(11)ス S―′)={ズ (′ 0,の):1≦ノ≦9,ノキ九}=U{κ(ち′):1≦ノ≦9,ノキ九}=Ks_′ .

By(5)and(11),lwe have

(12)ノ 3~κ s―′=ス S)~ス S~ι)=ス S∩′)={ズ ('o,ノ0))}={ズαO)}.

We assumethat l.κ s_′ |=9.By(5)and(8)we have

(12)Ks_`=ノ 3=ス S).

By(12)we have

(13)ノ 3~Fs―′〓φ・

Claim l.(D Ifノ 3~Fs―′キφ,thenス S~′ )=〔ス(グ o,の):1≦ノ≦9,ノキノ0}=U{κ
(jO″ ):1≦

ノ≦ 9,ノキ九}=Xs_r andノ3~Fs―′=ス S∩ ′)={ズ (JO,九))}={ズαO)}。

(C)Ifノ3~κ′―sキφ,thenス′~S)={ズ (グ,九)):1≦″≦9,′キグ0}=U{κ ("0):1≦グ≦9,′キ

″0}〓 K′_s andノ3~κ′―ぶ=ズS∩ι)={ス ('0,ノ0))}={ズαO)}.
Pr00f Of Claim l.'WeshOw(b).By(10)I Fs_′ |=8 or l Fs_′ |=9.｀We assume

that l κ s_′ |=9.Thus by(13),ノ 3~Fs― ′=φ・ ThiS COntradiCtS t0 0ur aSSumtiOn

ノ3~κ s―′キφ・Then it muSt be l」【s_′ |=8.Thus,by(11)and(12)we havethe

required prOpertieS.HenCs We haVeO.

By theSame Way WeCan ShOW(C).TherefOre we have Claim l.

Claim 2.Tω
2°
r° 1(F)∩ Tω 4° Tω 3(κ )⊂ r。(F)

Proof of Clain1 2. We have the following cases:

CaSe l.ノ 3~κォーs=φ andノ3~κ s―′=φ・

Case 2.ノ 3~fr′―sキφ andノ3~frs―′=φ・

Case 3.ノ 3~fr′―s〓φ andノ 3~frs―′キφ・

Case 4.ノ 3~κ′―sキφ andノ3~frs―ォキφ・

We consider the case l. Since f t- Kt_,:Q and Jz- K,_t:C, by (1) we have

that K,: I{o for aelrX /2, thus, we have
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(14)T。 (κ)=aSの(F)=κ′=κ .

By Proposition 42,Tω
l,71ω 2'7Ъ 3'r・4are Sud°ku tranSf°

rimati° nS・ By

Proposition 19,7｀。
2°
r。 l and Tω 4°

r°3 are Sud°ku tranSf°
rm・ ati° nS・ By

Pr°p°Siti°n19'Tω
2°
rω
l∩
T・
4°
Tω
3iS a Sud°

ku tranSf°rmati° n・ Then We haVe

(15)(rω
2°
rω
l∩
rω
4°
Tω3Xκ)≦ K・

By(14)and(15)we have

(16)(Tω
2°
Tω
ln Tω 4°

Tω
3)(κ)≦
κ =T°(r)°

IIencs in this case l,lClain1 2 does hold.

We consider the case 2.]3y Clainl l we have

(17)ノ3~κ′―s=ス S∩′)={スαO)}'κ′―ふ=ス′~S)andノ3~Fs―′=φ・

By(1)and(17)we have

fκα                ノοグα∈(ノ 1×ノ2~SUう U{α OI
(18)Fi=lκα―スs∩′)=κα―{ズαO)}  ノοグα∈S― {α O}

t鳥          ルグα∈J― {α o}

By(6),(17)

(19)lκ
`_sl〓

|スι―s)|〓 8

(19)means that′ 一s=′―s∩ ′is a naked 8-self― fiHed set of fr and′ ―s∩ ′⊂′

SinCe ω3=(ι ~S∩ ′,′),We haVe

(20)T。メF)=8NSユ (′―s∩ ′,′),F)〓 F中 =(κ l)α∈′1×ノ2∈ STル
"Ц
スノ0)・

fKα      α∈′―S∩′

(21)Kl=lκα―κ′_sn′  α∈′―(′―S∩ ′)=S∩ ′

lfrα        α∈ノ1×ノ2~ι
since s∩ ′={(,0,九)}={α O},by(17),(20),(21)we have

(22)ズαO)∈ F10=καO―κ′_snf=κα;―κ′_s⊂ノ3~κ′―s=ス S∩′)={ズαO)}・

By(22)we have

(23)K10〓καO―κ`_sn`={ズ
αO)}.

By(21),(23)we have

X「α        α∈′―S∩′=′―{α o}

{メ(αo)}     α∈′―(′―S∩′)=S∩′=〔αo}

κα     α∈ノ1×ノ2~′
since κ:n`=X10,by(24)we have

(25)lκ :n′ |=ls∩ ′|=1.

(25)m.eans that s∩ ′iS a naked l― self― filled set Of r+and s∩ ′⊂s.

(24)Kl=

|
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SinCe ω4=(S∩ ′,S),We haVe

(26)T° 4(K・ )〓
HVttR(S∩ ′

'S)'κ

*)=F#=(κ
r)α∈Jl×ノ2∈ Sr2"賓スノ0)'

fκl      ノοグα∈S∩′
(27)κ F〓 lκ:一κin′    /ο /α∈s― s∩′

tκl     力″α∈ノlXノ2~S
By(24)and(27)we have

l{」(αめ}   ル/α =α o
(28)κr=lκα―{スαO)}   ノο′α∈s― {α O}

tκα        ノο/α∈ノ1×ノ2~S
Thus by(18)and(28)we have

(29)κ
韓
≦κ
′。

By(29)we have that(亀
2°
鳥 1)(F)∩ (Tω 4° R3)(F)≦ (rω 4° L3)(r)=亀 4(rω 3(K))=

rω4(F*)=κ
梓
≦F′〓rω(F)

,I｀his ineans that

(30)(T。
2°
rω
:∩
Tω
4°
r°
3)(κ)≦

r°(F)°

IIencs in the case 2,Clain1 2 does hold.

We consider case 3. By the similar way as case 2 we can show Claim 2 in this

case 3. Wegive a brief sketch and key points.

In this case, by (1) and Claim 1 we have

(31) r;:
κα                ノθ/α∈(ノ1×ノ2~SUり U{α O}
κα―スS∩′)=κα―{ズαo)}  ノθ′α∈′―{α o}
κα               /ο /α∈S― {α o}

SinCeノ3~Fs―
`キ
φ,by the Similar Way aS defining κ

*and 
κ
Ⅲ
,WeCan put

κ#,x‖∈sTMx(ス九)aS fOnOws:

(32)T%(F)=8NSa(s― s∩′,s),X)〓 κ#=(Fi)α∈ノ1×′2∈ Sry光(ス九)°

fκα     α∈s一 sn′ =s― lα Ol
l                         

｀

(33)κ l=|{」(αO)}     α∈S― (S― S∩′)〓 S∩′={α O}

lκα       α∈ノlXノ2~S
(34)r%(κ

l)=lNSズ
(s∩′,′ ),κ l)=κ榊=(κサ)α∈ノ1×′2∈ ST〃バスカ '

|{メ(αo)}   ル/α〓αo
(35)κサ=lκα―{ズαO)}   ノο′α∈′―{α O}

lκα         メθグα∈ノlXノ2~′
By(31)and(35)we have

(36)κ
榊≦κ
′
.

|
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By(36)we have that(Tω
2°
Tω
l)(κ )∩ (Tω 4°

Tω3)(F)≦ (rω 2°
Tω l)(K)=Tω 2(Tω l(κ))=

TQ(X十)=κ榊≦K′〓rω(κ)

lI｀his lneans that

(37)(rω
2°
rω
l∩
r°
4°
rω
3)(κ)≦

rω(F)・

IIencs in the case 3,Clain1 2 does hold.

We consider case 4.In this casq by(1)and Clailn l we have

fκα                /ο′α∈(ノ 1×ノ2~SU′ )U(S∩′)
(38)κi=lκα∩κ′_s=κα―{ズαO)}    /θ″α∈s― s∩′

lκα∩κs_′ =κα―{ズαo)}    /θ /α∈′―S∩′

SinCeノ 3~κ オーsキ φ andノ 3~Fs― rキ φ,We haVe κ
中
,XⅢ aSin CaSe2 and κ l,X‖ as

in case 3.｀We put F中*∩ F♯♯〓F!=(κ l)α∈ノlxノ2∈ ST″
・
X(ス/0)° By(28)and(35)we

have

fИαO)}   ルグα=α 0
(39)K:〓 lκα―{ズαO)}  /ο′α∈sU′―{α O}

tκα       /θグα∈ノ1×ノ2~SU′
By(38)and(39)we have

(40)κ
!≦
F'。

By(40)we have that(Tω
2°
T°
1)(F)∩ (Tω 4°

rω
3)(κ )〓

Tω
2(rω l(F))∩ T°4(Tω l(κ))=

rω
2(κ
#)nT°

4(κ
・ )=κ

榊
∩κ
中*〓
κ
!≦
κ
′
=rω (F)・ In thiS CaSe We haVe Claim 2.

1「hus we have(〕 lain12 and hence we have(a). We cOnlplete the proof of

P'roposition 44.
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