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We discuss on the worldwide famous Sudoku by By (1), (5)and (6)we have that
using mathematical approach. This paper is the 7th (7) S(F): S'@).
paper in our series, so we use the same notations Therefore, we have that g: g'. Hence we have the
and terminologies in [1]without any descriptions. uniquness of g.

11. Latin squares and coordinate transforma- By similar ways we can show (ii). Hence we have
tions. Proposition 56.

A map f : I/ Iz-It is a Latin square map
provieded that it satisfies the following condition. The maps g and h in Proposition 56 are induced by

(LSM) f I b:b--1ris bijective for each berOWUcO;. .f, thus, we put g:ot61(fl and,h:aep(fl, respective

HererOW is the set of all rows and cOLis the set of -ly'
all columns of ,[r x r[2, respectively. proposition 52.

I-et Lobe a subset of /rx J2and fs:Lr---rJtbe a map. Let f :l'x Jz-Jt be a Latin square map' Then g

Amap f:Jt>.lz-ItisaLatinsquaresolutionmap 
:a6,s1(fl:ftXJz-Jtand'h:aqs(fl:Itx.ls--->Jrare

of /e provided that it satisfies the following condi- also Latain square maps'

tion: 
- Proof. We show the following Claims:

(SOL)/is a Latain squaremapwith f I Lo: 70. Claim 1.

proposition 56. I I c;c,--t, is bijective for each ieJ2and

r-et f:JrX Jz-Isbe a Latin square map. Then we c;{(k'i):k:l'2'"''9lctsxJ2'

have the unique maps g:r[3x Iz-Itandh:J1X It-Iz Claim2.
with the following conditions: I I rp:ru.-Jris bijective for each keJ3and

(i) f(SW),i):i for each p:(ft,i)eJ3x J2. re:{(k,i): j:1,2,...,91cJrx!r.
(ii) f(i,hT)): # for each T:(i,k)eItx ls.
Proof. Take any F:GieJsX ilz. We put Proof of Claim 1.

c;{(i,j): ieJr}ecOL Since clcJrxl2, by (ISM)we Take any 7e/2. First, we show that g I c,:c;-!ris
have that surjective.

(7) f I c;c,--l3 is bijective. Take any ielt. We put
By (1), there exists the unique ise.,f, such that Q) k:1;,i1=1t,

(2) (ix)ec1 and (2) p:(k,flectcJ3xJy
(3) f(io,n: k. By (i) of Proposition 56

Thus, we can define a map 9:ItX Jz-Itby s@):io. @) f@G),):k.
Therefore, by (3)we have that By (1), (3)we have
(a) f@@),j):k (4) f(i,i):f(s(p),j).

(4) means the condition (i). Bv (ISM) of. f f.or columns and (4)we have that
(5) s(F): i.

Next,weconsidertheuniquenessofg. Thus,by(5), S I ci:c1+ftissurjective.
Let g, g':JrX Iz-Jt be maps with the condition (i).

Thus, we have that Next, take any jeJr. We show that g I c,:c,--+Jris
(5)´(g(β ),の =ル fOr each β〓(為ノ)∈ノ3× ノ2,

(6)´(g′ (β ),ヵ =ヵ fOr each β=(ヵ,ヵ∈ノ3× ノ2・

injective.

Take any βl=(力 1'の
'β

2=(力 2,の ∈θノSuCh that

(6)g(β l)=g(β 2)・

°Emeritus prOfeSsor,Yamaguchi university,Yamaguchi city,  By(i)Of PrOpOsitiOn 56 we have

753,■ pan。                         (η
(́g(β l),の =ヵ l,
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(8)ス g(β 2),′)〓 力2・

By(6),(7),(8)we have

(9)ル 1=力 2・

By(9)We haVe

(10)β l〓 β2・

HenCe'by(10)glθ ノ:θノ
~→ノl iS inieCtiVe・

′
I｀herefore,we have Clairn l.

Proof of Clairn 2.

Take any力 ∈ ノ3・
WeShOW that g l″ ″:″力

~→
ノl iS

surjective.

Take any′ ∈ノ1.By(lSM)of/for rows,there exists
aノ0∈ ノ2 SuCh that

(11)ズグ,九)=ル・

We put

(12)β 3=(aノ0)∈ /ヵ ⊂ノ3× ノ2・

By(1)of Proposition 56,we havethat

(13)ス g(β 3)JO)=力・

By(11),(13)and(LSM)of/for colun■ ns,we have that

(14)g(β 3)〓 グ・
By(14)we havethat g l/ヵ :″″―→ノl is surjective.

Next,take any力∈ノ3・

weShOw that g lグが′
「

→ノl iS inieCtiVe.

Take any β4=(為ノ4),β5〓 (れノ5)∈″力⊂ノ3× ノ2 SuCh that

(15)g(β 4)=g(β 5)〓 ″
1・

By(i)of Proposition 56,we havethat

(16)ス g(β 4)J4)=た ,

(17)ノてg(β 5),ノ 5)=力・

By(15),(16),(17)we have that

(18)ス′lJ4)=力 ,

(19)ス′1″5)=ル・

By(LSM)of/for rows,and(18),(19)we have that

(20)ノ 4〓 九・

By(20)we havethat β4〓 (れノ4)=(力 ,ノ5)=β 5,i・ e"

(21)β 4=β 5・

Thus,by(21)we havethat g l″がグ
「

→ノl is injective.

lI｀herefOre,we have iClain1 2.

By claim l and Claim 2,g=ω (1,3〈ハ:ノ 3× ノ2→ノ1

forrns a lLatin square inap.

By similar ways, we can show that
h : a tz,st( f) : I t X J s- I z f orms a Latin square map.

Hence, we have ProPosition 57.

By Proposition 57, g:a631(f):Isxlz'lt forms a

latin square map. Thus also we have the Latin

square map <o6,r(g): J 1x J r'-->J t.

In these Latin square maps we have the following

Proposition.

Proposition 58.

Let/:ノ 1× ノ2~→ノ3 be a Latin squareinap.Then we

have that

(Dω (1,3)(ω (1,3〈ハ)=ノ ,

(il)。 (2,3)(ω 2,3)(力)=ノ・

Pr00fo We ShOW(i).

We put g=ω
(1,3〈 ノ)and/*=ω (1,メ

g)・ ThuS by(i)Of

Proposition 56,we have that

(1)´(g(β ),ノ)=力 fOr eaCh β=(れノ)∈ノ3× ノ2,

(2)訳/*(α ),′)=′ for each α〓(グ ,ノ)∈ノ1× ノ2・

Take any α=(グ ,ノ)∈ノ1× ノ2・
We put

(3)ス ′,ノ)=スα)=ル .

We putβ 〓(れノ).ThuS by(1)We haVe that

(4)ス g(β )J)=ル .

By(LSM)for the column%,(3),(4)we have that

(5)スカ,ノ)=g(β )〓 グ.

IBIy:Proposition 57,g is a Latin square rnap. Thus,g

satisfies the condition(LS■ 江).Then by(2),(5)and

(LSM)for g,we have that

(6)ノ
*(α

)〓 力.

By(3),(6)we have that

(7)ス α)〓 /*(α)=ル .

By(7)we have that

(8)/=/*.
Hence,by(8)we have(1).

By Similar WayS,We Can ShOW(ii).
「

I｀herefore,we have Proposition 58.

Let f : Jr\ Iz-Jt be a Latin square map. Nowwe

make a new map f ':Jzx lt-tt as follows:

f t( j,i): f(i, j) for each ( j,i)e I zx J y

And we Put ft:@<t,zt(fl.

Proposition 59.

Let f : Jr\ Jz-Jt be a Latin square map. We have

the followings:
(i) f' : a6,21(fl: J 2X J t-t tis also a Latin square map.

(ii) ar6,r(rrr,,,4(fl): f .

(iii) ar,r,r( fl : @ tr,a(o tz,s(a o,ztf)\.
(iv) a p31U): @ rr,z(@ rr,s( @ o,z>U)\.

Proof. We can easily show (i)and (ii) by using the

definition of /'.

weshOw(11).Let λl=ω (2,3)(ノ)ザ 2× ノ3→A and

(λ l)r=ω (好ぶ力1):ノ3Xノ 2~→ノ1.By PrOposition 56,we have

(1)ノ
′
(′,力 1(1カ ))〓 力fOr eaCh(ノル)∈ノ2× ノ3・

By(1)we have that for eaCh(れ ノ)(三 ノ3Xノ 2,
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ズ(λ l)′(力 ,ノ ),力 =/′(1(λ l)′(れノ))=ノ (ノ,力 1(ノル))=れ i・ e"

(2)ズ (力 1)′(為ノ),の =ル for each(れ ノ)∈ノ3× ノ2・

Let g=ω (1,3)(/):ノ 3Xノ 2~→ノ1.By Proposition 56 we
have that

(3)´(g(れノ),ノ)=力 fOr eaCh(れノ)∈ノ3× ノ2・

By(2),(3)and the uniquenss of Proposition 56,we

have that

(4)g=(力 1)」
.

Thus,by(4),we have

ω
(1,3〈Л=g=(力 1)′ =ω (1,2)(れ)=ω (1,D(ω (2メノ))

〓ω
(1,2)(ω 2,3)(ω (■2メ ノつ)),i.e"

(5)ω (1,3〈 Л〓ω(1,0(ω (り (ω (10(ノ )))・

By(5)we have(� ).

We ShOW(iV).

SinCe We haVe(lii),We uSe(� )fOr ω(1,2)(力・ ThuS We

have

(6)ω (1,3)(ω (1,2(ハ )〓 ω
(12)(ω (2,3)(ω (■ 2)(ω (1,2)(ハ )))・

By(ii)and(6)we havethat

(7)ω (1,3)(ω (1,2〈 ハ)=ω (1,2)(ω (2,3)(ハ )。

By(7)we have that

(8)0(1,2(ω (1,3)(ω (1,2)(ノ )))=ω (1,o(ω (10(ω (2,3)(/)))・

By(ii)and(8)we havethat

(9)ω (1,2)(ω (1,3)(ω (1,2〈ハ))=0(2,0(/)・

By(9)We haVe(iV).
「

I｀herefore,we have Proposition 59.

Remark 60.

(a) Every sudoku map is a Latinsquare map.
However, we have many Latin square maps which
are not sudoku maps.
(b) If / is a sudoku map, then ol621(fl is also a

sudoku map.
(c) There are many sudoku maps /, but ar6,r(/) 21d

ap,s1(fl are not sudoku maps.

12. Sudoku matrices and coordinate trans-
formations.
Let o:{1,2,3}---+{1,2,3}be a bijective map. Usually, we

say that o is a permutation on theset {l,Z,Jl. Also o is

denoted as o: ( l'2'3 
).

\o(l),o(2),o(3)l
I-et c:11,2,31---+{1,2,3} be an another bijective map.
Then ro is defined by (co)(i):c(a(i)) for each f e{1,2,3}.
Then ro is also bijective.

For each permutatir / I'2'3 \)n o: (,o(1),o(2),a(3,/ of the set

{1,2,31. we define a transformation
T,:Jrx lzx I;-L*X l,rz>x J^g by

Matheinatics and Sudoku VII

rσ (χ l,χ2/3)=(為(1),χσ②,χσ(3))

fOr any(χ l,χ2,χ3)∈ノ1× ノ2× ノ3・

Special cases,usually,we use the notations as

follows:

(:::II)〓
(13)(1:)=(23)(:li:)=(12)

and so on.

「
I｀hus we can also use the notations:

ηl,2):ノ 1× ノ2× ノ3~句ら×ノ1× ノ3

T(1,3):ノ 1× ノ2× ノ3~→ノ3× ノ2× ノ1

T(2,3):ノ 1× ノ2× ノ3~>ノ 1× ノ3× ノ2

are defined as follows:

ηl,2)(',ノン)=0■力)

211,3〈 ″,ノ,力 )=(れ′
・

,′ )

T(2,3(グ ,ノカ)〓 (グリリノ)

fOr eaCh(グ ,スカ)(三 ノ1× ノ2× ノ3・

We can easily show Proposition 61.

Proposition 61.

We have the following:

(D7｀τ7｀σ=:7｀τσ fOr eaCh pernlutatiOns σ and τ.

(ii)礼 =l fOr σO=(ll:|:)〓 1

Fora map ψ:X→y we define the graph

GR″(ψ )of ψ as fonows:
GR.″(ψ)={(ぁψ(χ )):χ ∈X}⊂χ×y.

For Latin square rnaps/,g,力 in PrOpOsitiOn 56

and.′ `in iProposition 59 we have graphs as follows:

GR″(ハ 〓
{(αメα)):α∈ノ1× ノ2}⊂ノ1×ノ2× ノ3,

GR″(g)〓 {(β ,g(β )):β ∈ノ3× ノ2}⊂ノ3× ノ2× ノ1,

GIR」(力 )〓 {(γ ,λ (γ )):γ∈ノ1× ノ3}⊂ノ1×ノ3× ノ2,

GR」(ノ)={(δ ,/′ (δ )):δ∈ノ2× ノ1}⊂ ん×ノ1× ノ3・

Proposition 62.

l-et f : JrX Iz-Jt be a Latin square map.
(a) For each o e{(1,2),(1,3),(2,3)},

T,: l1x lzx Jt-J,e>x J,etX tore>

induces an map
t { : T, I GR PV) : GR H fl..GR P(A,( fl).

(b) For each o el(1,2),(1,8),(2,3)),

t { : G R fl f )---+ GR P(<o,( fl) an dt i,a : G R p(a I fl).-+Gft p( yy

satisfy that

ti'a "t[ :l and t{"ff ;n - 1.

(c) tf is bijective.
Proof. Take any (a,.f(aDeGnp(,f). I[e put
(l) a : (i s,jr)e I 1x J, and
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(2)力 0=メα)=スづ0,ガ ∈ノ3・

Claim l.

(a)holds for σ=(1,3).

By definitions,we have that

(3)al,3)(αメα))=η l,3)(グ 0″0カ0)=(力 0,ん′0),

(4)σ =ω (1,3(つ :ノ 3× ノ2~→ノ1・

By Proposition 58 we have

(5)ノ ==ω (1,3〈
g):ノ 1×ノ2~→ノ3・

IBIy:Proposition 56 for g and(5)we havethat

(6)メ (́グ,ノ),の =′ for each(グ ,力 ∈ノ1× ノ2・

By(2),(6)we have that

(7)g(力 0,ノ0)=g(スグ0,ノ0),ノ 0)〓 グ0・
ThuS,we putβ 〓

(力 0,九)∈ノ3× ノ2and by(7)

(8)g(β )=グ 0.

By(8)we have that

(9)(ル 0,ノ 0,グ 0)=(βθ(β ))∈ GRIIg).

By(3),(9)we have that

(10)al,3)(α メα))=(β ,9(β ))∈ GRag).

ThuS,by(10),We haVe that

(11)η l,3)(GRスノ))⊂ GRRσ )・

By(11),al,3)induCeS a map

(12)′

`,3):GRス

Л→GRag).

IIence,we have Clairn l.

Claim2.
(b) and (c) hold 1s1 6: (1,3).

We can apply Claim 1 for the Latin square
map g- ,(,6sy(fl. That is,

T,(GR H( g)) c GR H (a,( g)).

Thus ?, induces a map

(13) r&,3): G.R H(g)--+GR H(aro31( o)).

By Proposition 58 and (4), we have that
(14) ar6,e( g) : a 6s(a 631(f)) : f .

Then, by (13), (14) we have that
(15) rfr,r,: GR A g)-,GRP(, fl .

By Proposition 61, we have that
(16) T,r,s)?,r,3) : ?rt,rxlar : 7,0:1.

Since the maps f {,e and /fl,3y are induced by 4r,r> by

(12)and (13), (16)we have that
(17) t $,s1" t [,s> 

: 1 an d t {131" t ft ,sy 
: l.

By (17)we can easily show that
(18) ,d$ and /fl,3y are bijective.

Thus, by (17), (18)we have Claim 2'

By Claim 1 and Claim 2, we have (a), (b)' (c) for
o : (1,3).

By similar ways we can easily show (a), (b)' (cXor

other oe{(1 ,2),(2,3)1. Hence we have Proposition 62'

Renlark 63.

We put σO:=(ll:|:)==l ωσ。(ノう==ノ
・and

S={σ O,(1,2),(1,3),(2,3)}.By Proposition 62,we have

mapsι′σ∽:GRスωσ(ハ)→GRスノ)and
′f:GRスノ)→GRスωτ(ノ))for each σ,τ∈S.Then we

have′√。ι;ρ :GRスωσ(ノ))→GRIω τ(ハ)WhiCh iS

induced by■ 0■ 〓■..Hence,′ fo′『
σ∽is bijective.

Let f : lrX Jz-Is is a Latin square map. Let

K:(K,),=hrlrbe a Latin square matrix associated

with / provided that it satisfies the conditions:
(LMTX) f(a)eK"cJ3 for each aeJlx J2.

I-et LMTX(,f)be the set of all Latin square matrices
K associated with /.

A set υ⊂ノ1× ノ2× ノ3iS a neighbOrh00d Ofノ prOVided

that it satisfies the condition

(NBH)GRスノ)⊂a
Let ⅣBfr(ノう={υ :υ グSα παg力みο″力θθα θノ/}.

We define mapSηノ:ι″Tχ(/)→ⅣB″(ハ and

θノ:ⅣB〃(ノ)→ι″TX(/)aSfOHOWS:

For each κ〓
(Kα )α∈ノ1×′2∈ιル

“

R�(/)'We put

ηメκ)=“κ)={(グ ,ノン)∈ノ1× ノ2× ノ3:力∈κ(り)}・

For each υ∈ⅣB″(ハ,we putθメの=Kの ,

・Ki(υ)=(υα)α∈ノ1×ノ2 and υα={力 :(′
'ノ
ン)∈υ}f° r eaCh

α=(らノ)∈ノlXノ 2・

We easily show that the maps l l and 0 , are well-
defined. And we can easily show the following:

P'roposition 64.

Let κ,ι∈ι″rX(ハ and磁ア∈ⅣBI(ノ )。 We havethe

followings:

(a)η′:L″
・
TX(/)→ⅣB″(ハ and

θメⅣBI(ノ )→L″TX(/)are well― defined.

(D θfOη′=l andη′Oθノ=1・

(i)θ ノand η′are bijeCtiVe・

(c)If ι≦κ,then ηメι)⊂ηメK)・

(d)If y⊂ 仏then θメη≦θメの。

In the proof of Proposition 62 we show that for
each o e {o,( 1,2),( 1,3),(2,3)},

T o: J rx J zX J e-J otr>X J oe>X f o<s)

induces
T,(GRAfD:GRP(a,(f)).

-182-



Matllernatics and Sudoku VII

Hence,we can define

T'(ハ :ⅣBI(ノ )→ⅣB″(ω σ(ノ))by

Tj(Л (の =Tσ(O for each υ∈ⅣBI(ノ ).

Since ?,?": 1, we can easily show the following:

Proposition 65.

Let o e {o o,( 1,2),( 1,3),( 2,3)} and, U,V e N B H ( f ).

(a)Ti( fl : N B H ( f )--+ N B H (@ J.fl ) is well - def in ed.

$) ri@ 
"ff)) " 

TI( fl : l, T:( f) " T:(@,U)1 : 1.

(i) T:(f),TI@UD are bijective.
(c) If. V cU, then Tl( fl(V cT;( fl(U.

Now,for each σ∈
{σ O,(1,2),(1,3),(2,3)},we can define

″xσ(ヵ :ι″rχ(ハ→ι″rズ(ωσ(/))by

″iXσ(ハ =θωσ(っ。T:(ノ )。ηノ:

ι″rx(/)→ⅣBI(Л→ⅣB″(ωσ(ヵ)→ι〃Tx(ωσ(ノ))

]BIy IProposition 64 and Proposition 65 we have the

following.

Proposition 66.

For each σ∈{σ O,(1,2),(1,3),(2,3)},each Latin square

inapノ :ノ 1× ノ2~→ノ3 1nduCeS the bijeCtiVe inap
″ixσ(ノ):ι″rx(ハ→ι″T%(ωσ(/))

and it satisfies the followings:

(a)″iXσ(ω σ(ノ ))。 ″iXσ(Л 〓1,

″IXσ (つ。″iXσ(ω ω(/))=1・

(b)Let κ,κ
′∈ιr″X(ノ).If κ

′
≦κ,then″iX.(ハ(κ

′
)

≦″iXσ(ノ)(κ).

We recall intersectable n -systems, which are
called by n - igeta systems.

We recalithe notations as follows:

For each′∈ノ1,/′
〓

{(ちノ):ノ∈ノ」⊂ノ1× ノ2 iS theグ ~′カ

rOW and fOr eaChノ ∈ノ2,θノ={(グ ,ノ ):グ ∈ノ1}⊂ノ1× ノ2 iS the
ノー′乃COlumn.

Let π be an integer,1≦ π≦9.

Let 4=h″
2,・・・,ら }⊂ノ1,3={んノ2,… ,九}⊂ん,力0∈ノ3,

R(4)〓 U{/j:グ∈4}=4×ノ2,

α3)=U{θノ:ノ∈B}=ノ 1× B.

ThuS,P(4)∩ C(3)=4× B.

Let K : (K 
") 

oe 1 ; 1 re LMT X(f) .

We consider the following conditions for K:
(CI) }o€lf" for each deqU- R(A).
(RI) Ao€K" for each aeR(A) -C(B).
(RC) K. :(Kf,)o=rt 

rz e LMTX(f). Here

κ:=

(CR)κ
十
=(κ l)αCノlXノ2∈ιル

“

弓K/)・ Here

κα―{力 o}/θ /α∈R4)― C(3)

κα   ノθ/α∈ノ1×ノ2~(R(■)~C(3))

κα―{力o}ノο′α∈αB)一 R4)
Kα   ノο″α∈ノ1× ノ2~(α 3)~R(■ ))

|

κl=

Letグ0∈ノ1,ノ0∈ノ2・
We COnSider the f0110Wing

conditions for」 (:

(CNSF)1拓(■ ×
{ノ0})|=141

(RNSF)lκ ({′ 0}× 3)|=IBI。
Here,X(S)〓 U{κα:α ∈S}fOr eaCh S⊂ ノ1× ノ2・

Proposition 67.

Let K:(K")aeJ1x!2eLMTX(f). We have that

(a) (CI) implies (RC).

(b) (RI) implies(CR).
Proof. We show (a).

Claim 1.

f(q)+ ko for each cte_qB)- R(A).

Since Ke.LMTX(f),
(l) f(a)eK" for each aetlx t2.

Bv (CI)we have that
(2) koEK"for each aeQB)- R(A).

By (1),(2)we have that
(3)/(c)+ ks for eachaeQB)-R(e).

Hence, we have Claim 1.

Let g=ω (1,3)(ハ
:ノ 3× ノ2→ノ1.｀We define a map

g々。:ノ2~)ノl by

(4)gヵ。(ノ)=ズカ0,の fOr eaChノ∈ノ2・

Claiin 2.

gヵ
O(3)⊂ 4.

We assunne that Clain1 2 does not hold.Thus,we

have that

(5)ノ0∈ B
(6)g(力 0,ガ 4ヽ.

We put

(7),0=g(力 0,ノ0)ヽ 4・

]By definition of g,we havethat

(8)´(g(れノ),ノ)=力 fOr eaCh(れ ノ)∈ノ3× ノ2・

lI｀hen we have

(9)メ(g(力o,の ,′)=力 o fOr eaChノ ∈ノ2・

ThuS,by(9)we have

(10)ズ g(力)九 ),ノ0)=力 0・

By(7),(10)we have

(11)ズグ0,九)=力 0.

|
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By (5),(7)we have
(r2) (i o, 

j 
s) e.C(B) - R(il.

(11) and (12)contradict to Claim 1.

Hence we have Claim 2.

Claim 3.

9to(B):A.
By Proposition 57, g is a Latin square map. Thus

we have that
(13) g*o is bijective.

Bv (13)we have that
(14)n:lBl:loro(B) 

I

By Claim 2 we have that
(15) loto(B)l<l,ql:n

By (14), (15)and Claim 2 we have that
(16) ge,(B):n.

By (16)we have Claim 3.

Claim 4.

f(F)+no for each FeR(A)-C(B).
We assume that Claim 5 does not hold. Thus, we

have some pr such that
(17) p ; (i 1,jr)e R(/) - C(B), and
(18) f(i t,i t) : f(F r) : ko.

By (17)we have
(19) i6A and 71€8.

By (19), Claim 3 we have
(20) j2eB and
(21) iF on{i): o(ko,iz).

By (8)we have that
(22) f(g(k o, i z), i z) : k o.

By (21), (22)we have that
(23) f(i t, 

j r) : f(g(k o, 
j 

z), 
j z) : ko.

By (18), (23)we have
(24) f(iL,it): f(iyiz): ko.

Since / is a Latin square map,
(25) f I r;ri/;,--+ts is bijective.

Here, 2,, : {( i r, ): i e t r} is the i, - th row. By (24), (25)

we have that
(26) ir:ir.

By (19),(20),(26)

(27) irEB= ir: ir.
By (27) we have a contradiction.
Hence, we have Claim 4.

Since KeLMTX(f), we have that
(28) f(a)eKo for each aeJlx t2.

By Claim 4, (28)we have that
(29) K B - lk ol= f(F) f.or each p e R(A) -c(B)'

KITAMOTO Takuya, WATANABE Tadashi

By (29)we can easily show (RC).

Hence, we have (a).

By similar ways we can show (b). Thus we have
Proposition 67.

Proposition 68.

Let f : trx Jz-It be a Latin square map and
g : a 67(fl . I*t KeLMTX(f) and
L6s1 : M X 6,r,( fl(IQ e LMT X(S). I-et Ac t r, B c I r,
ll.1:lBl:nandkoels.
Then the following (a)and (b) are equivalent:
(a) K satisfies the condition (CI) :

(CI) }o€I(" for each aeQB)- R(A).
(b) Io,e) satisfies the conditin (RNSF):

(RNSF) L<r,,({kolx B): A.
Proof. We put K : (K 

"),=1 rx 1 r, L63y : (L B) B= t rx r r,

A : {i yi 2,...,i,} c rlr an d B : { i t, i z*-, i,l c J r.

We show that (a)---+(b).

By definitions we can show that
(1) Lu:{ielr:keK<,,i>l for each F:G,j)eItx Jz.

I,et S: {(#0,/) : j e B}: {}o} x B c{ko} x J 2.

Claim 1.

LucA for each peS.

Take any peS and put p:(ko,j,),j"e B. Take any
ieLp. By (1) we have that

(2) koeK 
"o 

and, ao: (i,j,1.

We show that
(3) ieA.

We assume that
(4) ,c,4.

By (4) and j,eB, we have that
(5) an: g,j,)eC(B) - R(A).

By (a)and (5), we have that
(6) fto€K"0.

Since (6) contradicts to (2), we have (3) i.e., LBcA.
Hence, we have Claim 1.

Claim 2.

Uilp:PeS):a.
By Claim 1 we have that
(7) u{Le:Fes}cA.

Since 163,e LMTX(s), we have that
(8) g(P)eZe for each PeJ3x Iz.

Then we have that
(9)s(S)c u{Zp:PeS}.

Thus, by (7), (9)we have that
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(lo)as)⊂ u{ιβ:β∈s}⊂五

SinCe g:ノ3× ノ2~→ノliS a Latin square rnap by
P'roposition 57, we have that

(11)gl{力0}× ノ2:{力0}× 九→ノl iS bijeCtiVe.

SinCe S=((ル 0,′):ノ∈B}={力0}XB⊂ {ル 0}× ノ2,by(11)

(12)glS:S→ ノl iS injeCtiVe.

By(12)we have that

(13)lg(S)|=ISI=%.
By definitions,we have that

(14)ISI=IBI=|■ |=π .

By(10),(13),(14)we have that

(15)g(S)=U{ιβ:β ∈S}=4.
Hence,by(15)we have Claim 2.

SinCe L(1,3)({力 0}× 3)=U{ιβ:β∈S}'by Clairn 2

we have

(16)L(1,3)({力 0}X3)=4・

By(16)we have(b).

We ShOW that(b)→ (a).

By Proposition 57

(17)g=ω (1,3〈 Л・g:ノ3× ノ2→ノlis aLatin square map.

By(b),L(1,3)∈ ι]″riX(g)haS

(18)4=L(1,3({力 0}× 3)=U{ιβ:β∈{力 0}× B}・

By(17)wecan put爵 イ(1,3)=]″ X(1,3)(g)(ι(1,3))and

alSO putハイ(1,3)=(ルら)α∈ノlxノ2∈ι″ rlXI(ω (1,D(g))・

lBIy the definitions we have that

(19)ルら={力∈ノ3:′ ∈ι
(aノ)}

fOr eaCh α=(グ ,ノ)∈ノ1×ノ2・

Clairn 3.

力0ヽ ″αfor each α∈αB)― R4).
We assuコne that Claim 3 does not hold. Then,there

iS an αO∈ (χ B)― R(4)SuCh that

(20)力 0∈ ルら0,α O∈α3)一 R■ ).

We put αO〓 (′ 0,九 )・
SinCe αO∈α3)― R(■),then

(21)グ0に■andノ0∈ B.

By(19),(20)we have that

(22)″0∈ ι
(″ o″ o)・

Since九∈B by(21),

(23)β O=(力 0,ノ0)∈ {力 o}× 3・

By(18),(22),(23)we have that

(24)グ0∈ιβ。⊂U{ιβ:β∈{力0}× B}=4.

Thus,(24)contradicts to(21).

Hence,we have Clairn 3.

lBIy Proposition 58 and P'roposition 66, we have that

(25)ノ=ω (1,3)(g)and κ=ル恥,3)・

By(25)and Claim 3 we havethat

Mathelmatics and Sudoku VII

Clailn 4.

力0∝καfOr eaCh α∈6(3)一 R(4).

By Claim 4 we have (a).

Therefore, (a)and (b) are equivalent. Hence
we have Proposition 68.

By the similar way as Proposition 68 we can show
the following Proposition 69.

Proposition 69.

Letノ「:ノ 1× ノ2~)ノ3 be a Latin square rnap andカ

〓ω
(2,3)(Л 。1カtκ∈L″TX(/)and ι

(2,3)

=Л″X(2,3〈 Л(κ)∈ι″rχ(力 )。 Let 4⊂ ノ1,3⊂ ノ2,141
=IBI〓 %and力 0∈ ノ3・

Then the f0110Wing(a)and(b)

are equivalent:

(a)κ satisfies the condition(RI):

(RI)力0ミκαfor each α∈R(4)― C(3)。

(b)L satisfies the condition(CNSF):

(CNSF)ι 2,3)(4× {力0})〓 B・

By the same way as Proposition 5, we can easily
show the following Proposition 70.

Proposition 70.

Letノ :ノ 1× ノ2~→ノ3 be a Latin square map. Let

κ〓
{καL∈′1×′2∈ι2“

"【
ノ)・ Let S⊂み⊂ノ1× 九be a Set

with

(NSF)1照S)|=ISI。
Ifb isa row or a column,then

κ*〓
{κi}α Cノ 1×ノ2∈ιル

“
弓照プ)・ Here'

κl=
Kα―KS)ノθ″α∈う一S

K「α    /θγα∈ノ1× ノ2~(b~勁

Proposition 71.

Let/:ノ 1× ノ2~→ノ3 be a Latin square map and

g〓 ω
(1,3〈ノ)・ Let 4⊂ノ1,B⊂ノ21■ |=IBI〓π and

力0∈ノ3・
Let κ={κ :L∈ノ1×ノ2∈ Lル

“
RX(/)and

L(1,3)〓 ルω敬1,3)(ハ(Ю∈ι″rXg),L(1,3)〓 {ιβ}β∈ノ3×ノ2・
If κ

SatiSfieS the COnditiOn(CI),then We havethe

fOnOwings:

(a)κ
*=(κ

l)に′lX′2∈ιryX/)With

κl=
κα一{力 o}/θグα∈R(■ )一 α3)

κα   /θグα∈ノ1× ん―(R(■ )一α3))

(b)二と3)=(Ll)β∈ノ3×ノ2∈二r〃X(g)With

L力 =
ιβ-4/οグβ∈{力 d× (ノ2~3)

ιβ  /ο /β∈ノ3× ノ2~({力 0}× (ノ2~3))

|

{

∫
l
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(C)κ
*=″

X(1,3)(g)(ι と3)),ιと3)=″X(1,3)(/)(κ
*)・

Proof.

By Proposition 67,we have(RC).IIence we

haVe(a).

By Proposition 68,L(1,。 satisfies(RNSF).Thus,

by:Proposition 70,we have(b)。

]Pr00f Of(C)。

Now,we continue our argunnents by using

sarne notations in the proof of P)roposition 68.

]BIy the definition,we havethat

(26)ιむ3)≦ L(1,Э・
By(b)We Can put

iグ(1,0=ЛイX(1,3)(g)(L(1,3))∈ ιri″X(ω (1,3)(g)),

″と,3)=″X(1,3)(g)(熟
,3))∈

ιT″X(ω (lo(g))and

″む3)=(″ 1)α∈ノ1×ノ2・

By(26)and Proposition 66,we havethat

(27)″と,3)≦ ″
(1,3)。

By(25),(27)we have that

(28)ル「と,D≦κ.

By definitions,we havethat

(29)ル略={力∈ノ3:′∈ιれ,ノ )}

fOr eaCh α=(′ ,の ∈ノ1× ノ2・

SinCe L力 ⊂ιβ fOr eaCh β∈ノ3× ノ2by(26),by(19),

(29)we havethat

Clailn 5.

動略⊂ルrα fOr eaCh α∈ノ1× ノ2・

Next,we show that

Clain1 6.

力0ヽ

“

rifor each α∈R(■ )一 C(3).

We assunne that()lain1 6 does not hold. That

lS,

(30)力 0∈Л√1“ for some α″∈R(■ )一 C(3).

Put α″=(′
"九

)∈ R(■ )一 C(3)。 Then we have

(31)′″∈五andノ″∝B・

By(29)we have

(32)″ 1“ ={力∈ノ3:′“
∈Zぞ″“)}・

By(30),(32)we have that

(33)′″∈二れ。ノ“)°
By(31)we have that

(34)(ル 0,九)∈ {ル0}× ノ2~{力 0}× 3={ル 0}× ノ2~S。

By(b),(33),(34)we have that

(35)′″∈ιぞヵ。ノ“)=ι (々o鳥)~五 .

Thus,by(35)we havethat

(36)′ zヽ 4.

(36)contradicts to(31).Hence,we have Clailn 6.

Clairn 7.

ル亀
"―

{力 o}⊂″1“ fOr eaCh α″∈翼4)一α3)・

We assunne that Clain1 7 does not hold。 「Fhen

we have

(37)″α
“
―

{ル 0}ヽノИ
‐
1“

fOr SOme α″=(″″,九)∈ R(■ )一 C(3)。

By(37)we have that

(38)J″ ∈4 andノ″∝B.

By(37)there exists a乃 ″∈ノ3 With

(39)力″∈ルら
“
一{力0}and乃″∝ゴИl“。

Since力″∈″%― {力0}by(39),by(19)we have

(40)′″∈ι
(らノ

“
)and力″キル

0。

Since力″(ミ ]イ 1“ by(41), by(31)we have that

(41)′zヽ Lれ″九)°

Since力
“

:、
=ルO by(40), we havethat

(42)(力″,ノ″)∝ {力0}× ノ2~S・
By(b),(42)we havethat

(43)二
7ヵ“,九)=L(ら九)・

By(41),(43)we havethat

(44)′″ヽ二ぞ力“,ノ“)=L(ら九)・

(44)contradicts to(40).Hence,we have Claim 7.

Clailn 8.

″ 1“ =″%― {力 o}fOr eaCh α″∈R(■ )一 α3)・

Take any α″∈R(■ )一 C(3),by Claim 5 we

have taht

(45)″ 1″
⊂″α

“
.

By(45)we have that

(46)ル「1“ 一{力0}⊂ル亀
“
一

{ル 0}.

By Clairn 6 we have that

(47)L鴫
“
一

{力0}=″ 1“ .

By(46),(47)we have that

(48)]イち
“
⊂』ピ:“ ―{ル 0}.

By Claim 7 and(48),we hae that

(49)Лイ1“ =』И:“ ―{力 0}.

By(49)we have Claim 8.
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Claim 9.                        (67)′ υヽ ι
lれ ,ん)=L(れ ,′″)~ス ・

ル略⊃″αfOr eaCh α∈ノ1× ノ2~(R(■ )~(χ 3))・      By(53),(67)we have that
We aSSume that Claim 9 dOeS nOt h01d・ Then there  (68)グ

υ∈ ス .

iS an αν=(′
"ん

)∈ノ1× ノ2~(P(■ )~α B))SuCh that   (68)contradicts to(61).

(50)]″ iυ :,ハイα″.                                 IIence,(61)does not happen. Therefore,Clase l does

By(50)there exists a力υ(≡ ノ3 SuCh that               n° t happen・

(51)ルυ∈Лビαυ and                      The case 2.

(52)力υ(ミ Лイ1ク .                                  We have that

By(19),(51)we havethat                (69)力υ=力0,ち∈24 andノυ∈B.

(53)′υ∈ι
(ち ,′ υ).                      By(69)we have that

By(32),(52)we have that                (70)(れ ,九 )〓 (力0,九 )∈ {力0}× B=S.

(54)グ .,こ ι九 :、 .                       By(b)'(70)we havethat
｀‐ ‐′                               /ヮ 1、 r*   _r

since αυ〓(ち ,ん )に R(4)_c(3),we have that       =ヽ■ノル(れ ,ん)~ル (ら′υ)・

(55)′ υヽ 4 or                      By(53),(54),(71)we have that

(56)グυ∈五 andノυ∈B.                  (72)ち ∈ι
(ら ,′ υ)=ιれ九)ヽ

グυ.

(72)has a contradiction. IIence,case 2 does not
We have the two caseS aS f01lows:                happen.

(57)力 υ=力0,or

(58)力υキカ0.                         The CaSe 3.
We have that

Thus we consider the fonowing cases:        (73)カ ッキル0,グυヽ 4.
Case l.(57)and(55)are hold.                     By(73)we have that

Case 2.(57)and(56)are hold.             (74)(力
"九

)∈ノ3× ノ2~({力 0}× ノ2~0・
Case 3.(58)and(55)are hold.                     By(b),(74)we have that

Case 4.(58)and(56)are hold。              (75)ιそち,ん)=ι (れ ,九 )・

we consider case l.                           By(53),(54),(75)we have that

Thus,we have that                    (76)′ ν∈ι(ら,ん )〓
ιそヵυ,′υ)ミち.

(59)力 υ==力Oand グυこ:24・                          (76)has a contradiction. IIence,the case 3 does not
Now(59)divided into the cases:                    happen.

(60)力υ〓力0,′υヽ 4 andノυ∈B.

(61)力υ=力0,グνミ4 andノνミB.             The case 4.
We have that

The case(6o)。                       (77)力 υキカ0,ち∈4 andノυ∈B.

By(60),we have that                  By(77)we have that
(62)(れ ,九)=(力 0,九 )∈ {力0}× B〓 S.            (78)(れ,九 )∈ノ3× ノ2~({力0}× ノ2~助・

By(b),(62)we have that                         By(b),(78)we have that

(63)L乙 ,ん)〓
ι

(ち ,ん )。                   (79)ι そち,ん)=ι (ら′υ)・
By(53),(54),(63)we have that                     By(53),(54),(79)we have that

(64)′υ∈L(ち
,′υ)=ιそれ,ん )ゃ

グυ。              (80)ち∈ι
(ち ,ん)=ι lち ,′υ)ヽ′υ.

(64)has a contradiction. IIence,(60)does not happen。  (80)has a contradictiOn. IIence,case 4 does not

happen.
The case(61).                                    IIence,all cases l-4 do not happen. Therefore we

By(61)we have that                          have Claiin 9.

(65)(れ ,ん)=(ル 0,ん )∈ {力J× ノ2~S・
By(り,(65)we havethat                    By Claim 5 and Claim 9 we havethat

(66)ιそれ,ん)=ι (ち ,ん)~■ .               Claim 10.
By(54),(66)we have that               ルri=ルらfor each α∈ノlXノ2~(R(■ )~α B))・
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Since L1t): MX$)(f)(K) and
Mo,st: MX6v@)(Lo,e), by Proposition 66, we
have that

Claim ll.

κ=■41,3),i・ e。 ,κα=ルちfOr eaCh α∈ノ1× ノ2・

By Clailn 8,Clairn 10 and Claiin ll we have

Claiin 12.

κ*=″
hi・ e。,r=″X(1,3)(g)(熟

,3))°

By Clairn 12,Proposition 66 we have

″X(1,3)(ノ )(κ
摯)=″X(1,3)(ノ )°″X(1,3)(g)(ι む3))

=1(La,3))=二と3)・

ThuS We haVe(C)。

IIence,we have Proposition 71.

Proposition 72.

I′et/:ノ1× ノ2~→ノ3 be a Latin squareinap and

力=ω 2,3)(ノ).Let 4⊂ ノ1,B⊂ ノ21ス |〓 IBI=π and

力0∈ノ3・
Ltκ={κ :Lc′ 1×′2∈ L″rX(/)and

ι(2,3)〓 ″X(2,3)(ハ(κ)∈ L″rX力 ),L(2,3)={ι β}β∈′1×′3・
If κ

satisfies the condition(RI),then we havethe

fOnOwings:

(a)κ
ホ
=(κ l)α∈′1×ノ2∈ZryX/)With

κα―{力 o}/θγ α∈α3)一 R4)
κα   ノο/α∈ノ1× ノ2~(α 3)~R(■ ))

(b) Iir,3y : (Ib) p=t,, r,e LT M X(h) w ith

ιβ―Bノθ/β∈(ノ1-4)X{力 0}

ιβ  ノθ″β∈ノ1× ノ3~((ノ1-ス )× {力 0})

By similar way we can show (b) in Proposition 67.

Hence, we have Proposition 73.

Proposition 74.

(a)'I｀he f0110Wing COnditiOnS are equiValent:

(CI)力 0ヽ καfOr eaCh α∈αB)― R(■ ).

(RI)ル0にκαfor each α∈R(ノ1-■ )― C(ノ 2~3)・

(b)The f0110Wing COnditiOnS are equiValent:

(RI)力0ミ καfor each α∈R(■ )― C(3).

(CI)力 0ヽ καfOr eaCh α∈αノ2~3)~R(ノ1-■ )。

Pr00fo We ShOW(a).

We have that

(1)α B)― R(■ )〓ノ1× B-4× ノ2

=ノ1× B-4×ノ2∩ ノ1× B
=ノ1× B-4× B〓 (ノ 1-ス )× B・

(2)スノ1-■ )― C(ノ2~3)

=(ム ~■
)× 九~ノ

1× (ノ2~3)

=(ノ1~4)× ん~(ノ
1× (ノ2~3))∩ ((ノ1-■ )× ノ2)

=(ノ1-4)× ノ2~(ノ 1~4)× (ノ2~3)

=(ノ1-4)× (ノ2~(ノ2~3))=(ノ1-■ )× B・

By(1),(2)we have

(3)α 3)― R(■ )=R(ノ1-■ )一 αノ2~3)。
By(3)we have(a).

By theSalme Way WeShOW(b)。

IIence,we have Proposition 74.

Remark 75.

(1) By Proposition 73 we can say that
n- koku- domei Theorem (Proposition 70)

implies n- i.geta Theorem (Proposition 67).

(2) When we observ e n - i,geta Theorem,by
Proposition 73, we investigate only n-igeta
Theorem for n:1,2,3,4.

κl

|

r*_ルβ
~

(C)κ
*=″χ(2,3)(力 )(ιあ,3)),ιあ,0=″iX(20(/)(K*)・

Bly the sirnilar ways as Proposition 71 We Can Sh° W   References
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By Proposition 70,Lれ ,。
∈二]イTlχ(g),g=ω (1,3)(ノ )・

IIenCe,L113)SatiSfieS(b)° f Pr° p° Siti° n71.

By the pr00f Of(c)in Proposition 71,we showed

Clailn 12 in the pr00f Of PrOpOSitiOn 71. That iS,

″と,3)=″X(1,メ g)(・ と,3))∈ ι″TX/)and″れ,3)〓 κ*・

Hence,K摯∈ινT図(ハ,i.e"we have(RO.Thus,we
have(a).

|
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