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We discuss on the worldwide famous Sudoku by Next we define the map:
using mathematical approach. This paper is theSth lxEXCrr,nxl:ZxZxZxZ--ZxZxZxZ
paper in our series, so we use the same notations lx EXCp,srxl(tr,t2,ts,t4):(t1,ts,t2,ta)
and terminologies in [1], [2]without any descriptions. for each (t1,t2,ts,tn)eZxZxZxZ

13. A block coordinate system and a block
structural system.

In this section we introduce a new useful coordi-
nate system in Sudoku.

Ordinally we use the following notations and
terminologies as follows :

We alreday use the basic notation
J:{1,2,3,4,5,6,7,8,9}. However, we change it as

t:{0,1,2,3,4,5,6,7,8}. By this change, we does not
change our previous arguments and proofs in our
Propositions.

Let Z={0,1,2),Z=Zl〓 ろ and υ〓ろ×Zl.We define

maps DEC,EXP as follows:

DEC:ノ 〓{0,1,2,3,4,5,6,7,8}→ υ〓ろ×Zl

DDαπ)=(%2,Zl)fOr eaCh%∈ノ
κ=3× κ2+%1,0≦ π2≦ 2,0≦ πl≦ 2

EXP:υ〓ろ×Zl→ノ={0,1,2,3,4,5,6,7,8}

EIXP(π 2,π l)〓 3× ″2+π l fOr eaCh(%2,π l)∈ υ・

We can easily show the following:

P)roposition 76.

DECoEIXlP=l and EXPoD』 c〓 1.

We putノ1=ん =ノ,41,1)=41,2)=Z(2,1)=422)=Z We

define nlaps as fol10ws:

DコCl:ノ 1→υl=れ ,2)× 41,1),

DEC2:ノ 2→υ2=422)× Z(2,1),

Dlχ)1(″ )=(′ 2″ 1),′ =3× グ2+グ1,0≦ グ2≦ 2,0≦ グ1≦ 2

D“ 2(ノ)=(ちノ1),ノ =3×ん+九 0≦ ん≦2,0≦ ノ1≦ 2

EXPl:υ l〓 41,D× 41,1)→ブ1,

EXP2:L〓 42,2)× ら,1ロノ2

EX:Pl(グ
2,″ 1)=3× グ2+グ 1,

EX:Pズノ2,ノ1)=3×ん+ノ 1.

拿EIIneritus prOfessOr YamaguChi IJniversity,Yamagichi City,

753,Japan.

Now we define 32〓 41,o× 42,2),31=41,1)× Z(2,1)and

nlaps

BD“ :ノ1× ノ2→B2× 島 ,

BEXP:32× 31→ブ1× ノ2 by

BDEC=(lX EXCO,3)Xl)° (DDCl× D392),

3EXP〓 (EXPl× EXP2)° (1× EXC(2,3)× 1)・

More clearly we can show that

BDDC(グ ,ノ)=((′ 2,ノ2),(グ 1,ノ 1)),

づ=3× グ2+'1,0≦ ′2≦ 2,0≦ グ1≦ 2

ノ〓3× ノ2+ノ1,0≦ ノ2≦ 2,0≦ ノ1≦ 2

BEXP((グ 2,ノ2),(グ 1,ノ 1))〓 (3× グ2+グ 1,3× ノ2+■ )・

By Proposition 76 we can easily show that

Proposition 77.

BEIXiPOBDDC=l and BDDCoBEXP=1.

Letノ4=ノ 5〓ノ,We define mapS,

DDC4:ノ 4→32=41,2)× 4みか
DEε 5:ノ 5→Bl=41,1)× 421)by
DDC4(%)〓 (%2,%1),

χ〓3×
“
2+"1,0≦ χ2≦ 2,0≦ %1≦ 2,

D335(υ )=(υ 2,υ l),

υ=3× υ2+υ l,0≦ υ2≦ 2,0≦ υl≦ 2,

EXP4:32=41,2)× 42,o→ノ4,

EXP5:31=41,1)× 42,1)→ ノ5,

EXiP4(グ 2,ノ2)=3× ′2+ノ 2,

EXP5(グ 1,ノ 1)〓 3× グ1+ノ 1.

We define inaps:

Dコツ=DDC4×
'aC5:ノ

4× 九→B2× 31

EXP*〓 EXP4X EXP5:B2× 31→ノ4× 九・
And also we define nlaps:

CDEX=EXPネOBD“ :ノ 1× ノ2→ゾ4× ノ5

CEXP=BⅨ P° DEC*:ノ 4× ノ5→ノ1× ノ2・

Let rlRS:X× 】́―→y× χ be a trasposed lnap.

TRSぁノ)=(ノノ)for each(ぁ夕)∈χ×y.
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We define nlaps

CTIDEX=TRSoCDIECorRS:ノ 2× ノ1-→ノ5× ノ4

CTEXP=TRSOCEXPOTRS:ノ 5× ノ4→ノ2× ノ1.

More clearly we can show that

CD』C(′ ,ノ)〓 (3× ′2+ノ2,3× ′1+ノ1)

CEIX:R%,υ )=(3× %2+υ 2,3× χl+υ l)

CrDEC(グ ,ノ)=(3× ノ1+グ1,3× ノ2+′ 2)

CrlElχヨ|“ ,υ )=(3× υl+“ 1,3× υ2+%2)

for 2,′,“ ,υ ∈ムグ=3× 22+'1,′ 〓3× ′2+A,
χ〓3× %2+“ 1,υ =3× υ2+υ l・

By definitions, we can easily show that

P)roposition 78.

(a)EXP*oDDC*=land Dコ 9*oEXP*=1.

(b)CEXPoCDDC〓 land CDEじ。CEX:P=1・

(c)CEXP〓 CDEC.

(d)CrEXPoCrDEC=1,CTDDCoCTEXP〓 1

(e)crEIxP〓 crDEε .

We say that ,Ia x /5 is a block coordinate system,

and B, x 81 is a block structual system. .B2 x .B1 has

more rich mathematical structures than Iax Is.

IJsually,we use the following notations:

Let ДO)={0,1,2},ス 1)〓 {3,4,51,Д 2)〓 {6,7,8},

3(0)=Д O)× ス0),3(1)=Д O)× ス1),3(2)=Д O)× Д2),

ユ3)=」(1)× ДO),3(4)〓 」(1)× J(1),ユ 5)=」(1)× 」(2),

β(6)〓 J(2)× 」(0),3(7)=」(2)× f(1),ユ 8)〓 」(2)× Д2).

lI｀ hese notations are formulated as following

sinlple rules:

ズグ2)={3× グ2+0,3×
'2+1,3×

″2+2},for each O≦ グ2≦ 2,

ズグ2)× スノ2)=B(3× グ2十 九)fOr eaChら 2〓 (グ 2,ノ2)∈ B2・

lI｀herefore,we use the notation:

J(b2)=J(づ 2)× J(ノ2)=Ц EXスタ2))

fOr eaCh b2〓 ('2J2)∈ B2・

CDEC(ノ 1× {ノ})={ノ 2,ん +3J2+6}× {ノ1,ノ1+3″1+6}.

(d)CrDЩ ヨS))〓 ノ4× {3× sl+S2},

CrDЩ {′ }× ノ2)={′ 1″ 1+3″1+6}× {,2″2+3,′2+6}

CrDE6(ノ1× {ノ})=a3× ノ1+ノ2)。

Proof.

WeShOW(a).
DDC(Iグ 2))

=DEC({3× ′2+0,3× ′2+1,3× ′2+2})
={D』C(3× ,2),DD3(3× ′2+1),DEC(3× ′2+2)}
〓

{(ら0),(′ 2,1),(ら,2)}〓 {グ 2}× Zl,

D』家ズノ)=DDC(J(0)UJ(1)Uズ 2))

=DECば 0))u DEC(」(1))u DEC(」(2))

={0}× Zlu{1)× Zlu12)× Zl=Z2× Zl,

EIXia{グ 2}× Zl)=EXI({(グ 2,0),(ら ,1),(″ 2,2)})

={3× ′2+0,3× グ2+1,3× ′2+2}〓ズ,2),

EXIP{Z2×
{′1}}=EXia{(0″ 1),(1″ 1),(2,′ 1)})

〓
{3× 0+′ 1,3× 1+グ 1,3× 2+グ 1}〓 {グ 1,グ 1+3,′1+6},

EXiP(Z2× Zl)〓 EXP({0}× Zl U{1)× Zl u{2}× Zl)

〓ДO)u Дl)u Д2)=ノ .

We show (b).

By (a)we have that
B D EC(I(b r)) : B D EC(I(i z) x t(i ))
:(lx EXCpr) x IXDEC(( ir))x Dtrll(ir)))
:(lx EXCpi) x 1)(i2) x Z$,Dx{jr}x Ze,l)
: {i zl x {j rl x Z o,y X Z <z,r>

: [(i r, i r)] x Z 6,1y x Z p11 : {b 2} x B 1,

BDDσ
(1グ }× スノ2))

=(1× EXC(2,3)× 1)(DDC(′ ),D3C(ムノ2)))

=(1× EXiC(23)× 1)({(J2,′ 1)}× {ノ2}× Z(21))

={(″ 2,ノ2)}X{″ 1}× 42,1)={づ 2}× {ノ2}× {′ 1}× ZLl)。

SinCeノ 2=ДO)uス 1)uス2),by(2)we havethat

BDl■ス{′ }× ノ2)

=BDDc({′ }× スo)u{′ }× ス1)u{′ }× Д2))

=BD3C({′ }× ス0))U BDDC({′ }× 」(1))
u DDC({′ }× ス2))

={(″ 2,0)}× {′ 1}× 42,1)U{(′ 2,1)}× {′ 1}× 42,1)

U{(′ 2,2)}x{″ 1}× Z(2,1)

={(′ 2,0),(′ 2,1),(′ 2,2)}× {Jl}× Z(21)

={′ 2}× Z(22)×
{′ 1}× Z(21)。

BDDC(ム′2)× {ノ })

=(1× EXC(2,3)Xl)の DC(ス タ2)),DEC({ノ}))

P'roposition 79.

L光 ′,ノ,S∈ノ,DIん(′)=(ら ,'1),DEC(ノ)=(ノ 2″1),DEC(s)

=(S2,Sl)ψ 2=(らノ2)∈ 32・ We haVethat

(a)DDC(【′2))={″ 2}× Zl,DEaノ)=Z2× Zl,

EXP({'2}× Zl)=ス′2),

ExP(ろ ×同 )={グ 1■ 1+3■ 1+6},

EXP(ろ ×Zl)=ノ .

(D BDEC(ム み2))={う 2)X31,

BDEC(1づ }× ノD={グ 2}× Z2,2)×
{″ 1)× Z(1,1)'

3DEC(ノ 1× {ノ})=Z(1,2)× {ノ』×Z(1,1)×
{ノ 1},

(c)CDDC(3(s))={S}× ノ5

CDDC({ケ}×ノ2)=ユ ′)・
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〓(1× EXC(2,3)× 1)({'2}× 41,1)× {(ノ 2″ 1)})

={グ 2}X{′2}× 41,1)× {ノ 1}={(′ 2,ノ2)}× 41,1)× {ノ 1}・

SinCeノ 1:=Д O)U Дl)U Д2),we have

B四 ノ1× {ノ })

〓BDEC(」(0)× {ノ})u BDEC(」(1)× {ノ})

u BI)DC(■ 2)× {ノ})

={(0″2)}× 41,1)× {ノ1}U{(1'ノ 2)}× 41,1)× {ノ 1}

u{(2″2)}X41,1)× {ノ1}

={(0,ん),(1″り,(2J2)}× 41,1)× {ノ1}

=Z(1,2)X{ノ 2}× 41,1)× {ノ 1}.

We ShOW(C).

We Can take b20〓 (S2,Sl)∈ 32and EXl〈ら20)〓 S・ By(b)

we have that

BDEC(J(b20)={b20}× 31・

IBIy Proposition 79,we have that

CDDC(3(s))=CDEC(ズ ι20))

=(EXP× EXP)° BDDC(スタ20))

=(EXP× EXP)({ら 20}× 31)

〓{EXP(ι 20)}× EXP(31)={SI Xノ
5・

CDEC({グ}× ノ2)=(EXP× EXP)oBDDC({′ }× ノ2)

〓(EXP× EXP)({″ 2}× 42,2)× {グ 1}× 41,1))

=EXス {グ 2}× Z(2,2)× EXP({グ 1}× 41,1)

〓ズグ2)× ズグ1)=B(3× グ2+グ1)=B(グ )・

C四 ノ1× {プ})=(EXP× EXP)oBD』 C(ノ 1× {ノ })

=02XP× EXP)(41,2)×
{ノ2}× 41,1)× {ノ1})

〓EXR41,2)×
{ノ2})× EXP(41,1)×

{ノ1})

={あ ノ2+3,ノ2+6}× {ノ 1,ノ1+3,ノ1+6}.

We ShOW(d).

CrDEI� B(s))=TRSoCDECOTRα」(S2)× I(Sl))

〓TRS° CDDC(ISl)× ズS2))

〓TRSoCD」質(a3× sl+S2))

=TRS({3× sl+S2}× ノ5)=ノ 4× {3× sl+S2}・

Cυ EC({グ }× ノ2)=TRS° CDIXЪ TRⅨ {グ }× ノ2)

=TRSoCDED(ノ 1× {′ })

〓TPa{グ 2,グ 2+3,グ 2+6}× {グ1,,1+3,,1+6})
〓

{づ 1,′ 1+3,′ 1+6}× {グ 2,グ 2+3,,2+6}.

CTDElχ (プ1× {ノ})=rRSOCDDCOTRαノ1× {ノ })

=TRS(DDC({ノ }× ノ2)=TRα B(ノ))

〓TRS(ズノ2)× 《ノ1))=ζノ1)× 4ん)=B(3× ノ1+ノ2)

By lProposition 79 we have the folloⅥ ァing:

Mathematics and Sudoku VIII

(a)CDEC:lrx lr--Jnx/5 has the properties:
(i) All rows are transformed into blocks.
(iil All blocks are trnsformed into rows.

(b) CTD EC: I 1x J r--J nx,I5 has the properties:
(i) All columns are transformed into blocks.
(iil All blocks are trnsformed into columns.

14. ]Basic sets。

Let r⊂ ノ1× ノ2・
A set r is a basic set provided thatit

satisfies the following condition:

(BA)IT∩ SI〓 l for each S∈ BLK.
Then,we putthat r∩ s={′(S)}fOr eaChS∈ Bικ.

IIere,3ικ =ノOИ′uθOι ubZ」〔,which is the

collection of all rows,all coluIIIns and al1 3× 3blocks

inノ 1× ノ2・

Now,for eachら 2=(グ 2,ノ2)∈ B2We put

スb2)〓 晨グ2)× スノ2)⊂ノ1× ノ2・ Then ιLκ〓
{ズ b2):み 2∈ 32}・

P'roposition 81.

If r is a basic set,then we havethat

(i)T={ι(s):s∈ bιK},where r∩ s〓 {′(s)}fOr each

S∈ ιικ.

(�)ITI〓 9.

Pr00fo SinCe We haVe 9 b10CkS, by(lBい L)fOr eaCh

block S, IS∩ TI=1.Thus
(1)S∩ T={′(S)}fOr eaCh b10Ck S∈うικ.

Claim l.

T〓 {ι(S):S∈ bι′〔}

For each block S, by(1)we havethat

(2){バ S):S∈ιικ}⊂■

We show that

(3)T⊂ {′(S):S∈ うιK}.

We assurne that(3)does not hold.Then wehave a

′0∈ r such that

(4)′0∈ r― {′(S):S∈ bικ}.

SinCe ιO∈ r⊂ ノ1× ノ2,there iS a b10Ck SO∈ bιK SuCh

that

(5)′ 0∈ SO.

By(1), We haVe that

(6)ズSO)∈ SO∩ r
By(5),(6)we have that

(7)′ 0,′(SO)∈ SO∩ 2
By(BA)and(7)we have that

(8)ιO=′(SO).

By(4)we have that ιOヽ {′(S):S∈ bLκl,thus

(9)′0キ 〈SO)・

(9)COntradicts to(8).Hence we have(3).

By(2)and(3)we have Claim l.
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We show that

(10)〈 Sl)キ 〈S2)fOr b10CkS Sl,S2∈ みLκ With Slキ S2・

We aSSume that(10)dOeS nOt h01d.
′
I｀hen We haVe b10CkS Sl,S2∈ みι′r SuCh that

(11)Slキ S2 and

(12)′ (Sl)=′(S2)・

By(1),(12)we havethat Sl∋ ′(Sl)=ι(Sl)∈ S2・ ThuS

(13)Sl∩ S2キ φ・
By(11)We haVethat

(14)Sl∩ S2〓 ψ・

(14)contradicts to(13). Hence,(10)does hold.

By(10)We haVe that

(15)|{′(S):S∈ bLκ}|=lιικl=9
By(15)and Claim l we havethat

(16)ITI〓 9.

IIence,we have Proposition 81.

Let I〕 ==I〕 2× 31 be the b10Ck StruCtual SyStenl・

HereBl〓 41,1)× 42,1)and BDJC:ノ 1× ノ2→8,

BEX:P:」 B―→ノ1× ノ2 are the b10Ck deCOmpOSitiOn inap,
the block expansion nlap,respectively.

Proposition 82.

Let rbe a basic set. There is the unique nlap

ψ:32~→Bl SuCh that

r∩ (」('2)× スノ2))〓 留9EXP(う 2,ψ(b2))}

fOr eaChら 2=(′ 2,ノ2)∈ 32・

Pr00f・ Take any ι2〓 (グ 2,ノ 2)∈ B2=Z(1,2)× Z(2,2)・ Let

ズら2)〓 ズグ2)× スノ2)be the b10Ck inノ 1× ノ2・
We put

T∩ aら 2)〓 {′(ら 2)}・ ThuS

(1)T∩ 晨ら2)=T∩ (」(′ 2)× 晨ノ2))={′(グ 2,ノ2)}={′(b2)}fOr

eaChら 2=(′ 2,ノ 2)∈みικ・

SinCe′(う 2)∈ノ1× ノ2,We put

(2)′(b2)〓 (グ(ら 2),ノ(b2)),0≦ ′
(ι 2)≦ 8,0≦ノ(b2)≦ 8.

SinCe′(b2)=(グ(み 2),ズみ2))∈スグ2)× Цノ2),We haVe

(3)グ(b2)∈ ムづ2),ズう2)∈ムノ2)・

SinCeムグ2)〓 {3× ′2,3× グ2+1,3× ,2+2}and

ズノ2)={3× ノ2,3× ノ2+1,3× ノ2+2},by(3)we have the

following deconlpositions:

(4)グ(b2)=3× づ2+′ 1(b2),0≦ ′1(う 2)≦ 2

(5)ズb2)=3× ん+A(b2),0≦ ノ1(b2)≦ 2.

By(4)and(5)we have that

(6)DDC(グ(b2))=(グ 2,'1(b2)),and

(7)DBC(ズう2))=(ん ,A(b2))・

By(6)and(7)we have that

(8)BDEC(″(b2))=((グ 2″2),(づ 1(b2),ノ 1(b2)))∈ B2× 31・

We put′1(b2)=(グ 1(b2),ノ 1(b2))∈ Bl・ By(8)we have

(9)BDDC(′(b2))=(み 2,ι l(b2))・

KITAMOTO Takuya, WATANABE Tadashi

]BIy(9)and Proposition 76 we have that

(10)BEXP(b2,′ 1(夕 2))〓 ′(b2)・

TherefOre,We Can define a map ψ:B2~→Bl by

(11)ψ(ら 2)〓 ιl(b2)fOr eaCh b2∈ B2・

By(1),(10),(11)We haVe that

(12)r∩ (ズ

'2)×

スん))={BEXiP(ら 2,ψ (み 2))}fOr eaCh

わ2〓 ('2,ノ 2)∈ 32・

′
I｀hus,by(12), our rnap ψ has the required property.

Next,we show the uniqueness of ψ.

Let O:32~→Blbe a map With

(13)r∩ (Iグ2)× ズん))〓 {BEIXP(b2,0(う 2))}fOr eaCh

う2=(グ 2,ん)∈ 32・

Claim l.

ψ=0・

Take anyう 2=(グ 2,ん)∈ 32・ By(12)and(13)we have

that

(14)BEXP(b2,ψ (b2))=BEXP(ら 2,ab2))・

By(14)we have that

(15)BDDC(BEIXIP(ら 2,ψ (ら 2)))

〓BDEC(BEXP(ら 2,。(ら 2)))・

By Proposition 8-3 we havethat

(16)BDEC(BEXP(ら 2,ψ(b2))),

=BDDC° BEXP(b2,ψ (b2))=(b2・ ψ(b2)),

(17)BDJC(BEXP(ι 2,0(b2)))

〓BD33oBEXP(b2,。 (ら 2))〓 (ら 2・
qう

2))・

By(15),(16),(17)we have that

(18)(b2,ψ (b2))=(b2,0(b2))・

By(18)we have that

(19)ψ (b2)=qι 2)・

Then,by(19)

(20)ψ =0.
IIence,we have Clailn l.
′

「
herefore,we show Proposition 82.

Letタノοノχ:χ×y_→χ andタグθル:χ×y_→y be

projections.Thatis,

タノθノズχ,ノ )==χ andタグοノズχ,ノ ):=ノ fOr eaCh

(χ ,ノ )∈χ×y・

Proposition 83.

Let rbe a basic set.′
「

here are unique bijective

nlaps

π
'2:Z(2,2)~→

Z(1,1)fOr eaCh′ 2∈ Z(1,2)

such that

pγθ方1°
BEXP(b2,ψ (b2))=EXP(づ 2,π ,2(ノ 2))

fOr eaCh b2=(グ 2″2)∈ 32・

Proof. We uSe the sarne nOtations and Statenlents
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(1)-(20) in the proof of Proposition 82.

For each ire.Zrr,rrwe define a map
tr;r: 2p,2.,---+26,11

as follows:

(21)π
'2(ノ

2)=′
“
ノZ(1,1)(ψ (らノ2))fOr eaChノ 2∈ 42,0・

SinCe ψ(う 2)〓 ′1(ιり=(グ 1(b2),ノ 1(b2))by(11),We haVe that

(22)夕
“
ル(1,1)(ψ (う 2))=グ 1(b2)fOr eaChら 2=(グ2″2)∈ 32・

By(21),(22)we have that

(23)π ,メん)〓 4('2,ん )

By(4),(23)we have that

(24)EX3(グ2,π
'メ

九))=3× ′2+π ,メん)・

=3× ,2+'1(′ 2,あ)=グ (グ2,ん )・

By(2),(10),(11)we have that

(25)タノθ方1(BEXP(b2,ψ(ら 2)))

〓′
“
方1(BEXP(みダ1(み 2)))〓 p"方

1′(み 2)

=pグθ方1(′ (b2),ズιD)=グ(b2)=グ (′ 2,ノ2)・

By(24),(25)we have that

(26)夕/θ」F/1(3EXP(b2,ψ(b2)))=EXP(グ 2,π j2(ノ 2))・

ThuS' π
'2 haS the required pr°

perty・

Clain1 2.

π
'2:Z(2,2)→

41,1)iS inieCtiVe fOr eaCh'2∈ 41,2)・

We assurne that Claim 2 does not hold. Then we

haVe anづ 2∈ Z(1,2)SuCh that

(27)π
'2:Z(2,2)→

41,1)iS nOt injeCtiVe・

By(27)we haveノ 2,ノ ,∈ 422)SuCh that

(28)ノ2キノ,and

(29)π ,ぶん)〓 π
'2(ノ

,).

By(28)we have that

(30)ズノ2)∩ ズノ,)=φ .

By(30)we have that

(31)スグ2)× ム九)∩ スグ2)× 〈ノ
')〓

φ・
By(31)we have that

(32)(r∩ (ス′2)× ζノ2)))∩ (T∩ (スづ2)× ズノ
')))=ψ

・
We putら 2=(ら ,ノ2),ら

'=(グ

2,ノ ,)∈ 32・ By(1),(32)we have

that

(33){κみ2)}∩ {〈弓)}=φ・
By(33)we have that

(34)′(b2)キ ′
(ら

')・

By(29)we have that

(35)EXI(づ 2,π′2(ノ2))=EXP(J2,π ,2(ノ】)).

By(20,(35)we have that

(36)′″」,′1(BExiaぅ 2,ψ(b2)))

Mathenlatics and Sudoku ⅥII

=夕
“
力1(BEX:くら,,ψ(場)))・

By(10),(36)we have that

(37)pη方1(ι (ら 2))=′″ノ′,(くらめ)・

By(2)we have that

(38)′(b2)=(グ(ら 2),ズら2)),′ (場)=(グ (弓 ),ズ bi))・

By(37),(38)we have that

(39)′(b2)=グ (ら

')=%・

Letバ
“
)={(χ ,ノ):ノ∈ノ2}be the u~th rOW inノ 1× ノ2・

By

(38),(39)we have that

(40)ズう2),ι (ら

')∈

ズ%)・

By(1)We haVe that

(41)′(b2),ι (ら

')∈

■

By(40),(41)we have that

(42)′ (ら 2),′ (bう )∈ バπ)∩ 2
By(BA)we have that

(43)|ズ %)∩ TI=1.
By(42),(43)we have that

(44)ズう2)〓 ′(ら
')・(44)contradicts to(34).Hence,we have Claim 2

Claiin 3.

π

'2:Z(2,2)~)Zt,1)iS SurjeCtiVe fOr eaCh'2∈
41,2)・

Take any'2∈ Z(1,2)and any υl∈ Z(1,1)。 We put

(45)υ 〓3× ′2+υ l∈ ノ1.

Letバυ)〓 {(υ ,ノ):ノ∈ノ2}be the υ~th rOW Ofノ 1× ノ2・
By

(BA)we have aち (≡ ノ1× ノ2 SuCh that

(46)バ υ)∩ r={ち
}.

Sinceち∈バυ)by(46),wecan put

(47)ち 〓
(υ ,″ ).

SinCe"∈ ノ2,We haVe the deCOmpOSitiOn

(48)"=3×
"2+"1,0≦ "2≦

2,0≦ 〃1≦ 2.

By(45),(47),(48)we havethat

(49)ち =(υ ,″ )∈ムグ2)× ズ〃2)・

Sinceち∈T by(46),by(49)we have that

(50)ち ∈T∩ (ズグ2)× スω2))・

Letみ】
*=(グ

2,ω2)∈ B2・ By(1)We haVethat

(51)T∩ (ズグ2)× ズ
"2))={ι

(bダ )}・

By(50),(51)we have that

(52)ち 〓〈b夢
).

By(52)we havethat

(53)υ =グ(bダ ),

(54)"=ズιダ).

By(45),(53)we have that

(55)υ l=″ 1(タ ダ).

By(48),(54)we have that

(5o″ 1=ノ1(bダ ).
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By(11),(55),(56)we havethat

(57)ψ(bダ)=(υ l,ω l).

Thus,by(21),(57)we have that

(58)π
'2(ω

2)〓 p/οノz(1,1)ψ (グ 2,"2)=タノοノZ(1,1)ψ (ら ダ)

=′
“
ル

(1,1)(υ
l,"1)〓 υl・

Then,by(58), we havethat π
'2 iS SurjeCtiVe・

Hence,we have Clairn 3.

Claim 4.

The uniqueSS° fπ
'2fOr eaCh′

2∈ 41,2)・

Take anyグ 2∈ 41,2)。 Wetakeany map πち:Z(2,2)→41,1)

such that

(59)夕
“

方loBEXP((b2),ψ (夕 2))=EXP(′ 2,π ち(ノ2))fOr

eaChら 2=(″ 2,ノ2)∈ B2・

Take anyノ 2∈ Z(2,O and putι 2〓 (グ 2,ん)∈ B2■We put

(60)π =′
“
方loBEXP((ら 2),ψ(b2))・

By(26),(59),(60)we have that

(61)π =EXP(,2,π ,メん))=3×グ2+π ,2(ノ 2),

(62)%=EXP(′ 2,π ち(ノ2))〓 3× グ2+π :2(ん)・

SinCe π
'2(ノ

2),π

'2(ノ

2)∈ Z(1,1),We haVe that

(63)0≦ π
'2(ノ

2)≦ 2,0≦π:2(ノ 2)≦ 2.

By(61),(62),(63)we have that

(64)π
'2(」'2)〓

π

'メ

J'2)・

By(64)we have that

(65)π
'2=π

:2・

Hence,by(65)we have Claim 4.

Therefore, by Claim 1, Claim 2, Claim 3, Claim 4, we
have Proposition 83.

For each izeZrz,zy we can define a map

P 1r:2627>Zs11bY

P 1U z) = pr o i s,,,r{tlr (i 2, 
j r)) f. ot each i ze Z o,2)'

By the similar way as the proof of Proposition 83,

we can show Proposition 84.

P)roposition 84.

Let rbe a baSic set。
′
rhere are unique bijective

mapS ρノ2:41'2)→ Z(2,1)fOr eaChノ 2∈ 42,2)SuCh that

′
“

方2°
BEXP(b2」″(b2))=EXP(ノ 2,ρ 豚4))f° r eaCh

ら2=(グ 2,ノ2)∈ B2・

We define mapS ξl:32→ノland ξ2:B2→ノ2by

ξl(b♪ =EIXR(グ 2,π
'2(ノ

2))fOrら 2=('2,ノ 2)∈ B2,

ξズbD=EIXR(ノ 2,ρ ノ2(″2))fOrみ 2=(グ 2,ノ2)∈ 32・

KITIAMOTO Takuya, WATANABE Tadashi

And we define block― graphs of ξland ξ2by

BGRP(ξ l)〓 u{{ξ l(グ 2,ん)}× スノ2):ら 2〓 (グ2,ん)∈ B2}⊂ ノ1× ノ2,

BGRP(ξ 2)〓 ∪{ズグ2)× {ξズグ2,コ
'2)}:b2=(′

2,ノ2)∈ B2}⊂ノ1× ノ2・

Proposition 85.

Дう2)∩ BGRP(ξ l)〓 {ξ l(ら 2)}× ズん)fOr eaCh
ら2〓 (づ 2,ん)∈ B2

Pr00f・ Take anyら 20〓 (グ 20,ノ 20)∈ B2・ First,we show

Claim l:

Claim l.

I(b20)∩ BGRスξl)⊂ {ξ l(ら 2め }× 」(ノ 20)・

′
I｀ake any point p such that

(1)夕 =(夕 1,夕2)∈Дみ2め ∩BGRP(ξ l).

lI｀ hus,we have

(2)p〓 (夕 1,p2)∈ズら20)〓 ズ′20)× スノ励,and

(3)夕〓
(夕 1,夕2)∈ BGRaξ l)

=U{{ξ l(づ 2,ノ2)}× スん):b2=(グ 2,ん)∈ B2}

By(2)we have that

(4),1∈スグ20)

(5)夕2∈ズノ20)・

By(3)we have aら 21=(′ 21,ん1)∈ B2SuCh that

(6)夕 =(pl,p2)∈ {ξ l(づ 21,ん1)}× ズん1)・

By(6)we have that

(7)夕 1〓 ξl(グ 21,ノ 21),

(8)夕 2∈ズん1)・

By(5),(3)we have that

(9)スん0)∩ スん1)キ φ・
By(9)We haVe that

(10)ノ20=ノ21・

By(7)we have that

(11)'1=ξ l(′ 21,ん1)=EXP(グ 21,π ′21(ノ21))

=3× づ21+π  j21(ノ 21)∈ スら1)・

By(4),(11)we have that

(12)スグ20)∩ スグ21)キ φ・
By(12)we have that

(13),20〓
'21・By(10),(13)we havethat

(14)ら 21=(グ 21,ノ 21)=(づ 20,ノ20)〓 b20・

By(11),(14)we have that

(15),1=ξ l(b21)=ξ l(b20)・

By(5),(15)we have that

(16)夕=(夕 1,pD∈ {ξ l(b20)}Xス ノ20)・

By(16)we have Claim l.

Claim 2.

I(b 20) n BGRP(€ J r {€ 1(r ro)} x (rio)

By the definitions we have that
(17) €1(rro) : EXP(izo, n ; 

^(i 
ro))
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:3x izo* 7r;^(jrn)e l(irn).

By (17) we have that
(18) {6 1(D ro)} x I( i ro) c I(i 2s) x I( j ro) : 716 r01.

By the definitions, we have
(1e) {t,(D*)}xl(in) c BGR^(f).

By (18), (19)we have Claim 2.

Hence by Claim 1 and Claim 2 we have Proposition
85.

By the similar way as Proposition 85, we can show
the following Proposition 86.

P'roposition 86.

I(b2)∩ BGRスξ2)〓 J(′ 2)× {ξμ2)}fOr eaCh

う2=(′ 2,ん)∈ B2・

P)roposition 87.

(a)スう2)∩ βGRP(ξ l)∩ BGRP(ξ 2)〓 {(ξ l(ら 2),ξ 2(b2))}fOr

eaChら 2〓 ('2,ノ2)∈ B2 ・
(b)BGRaξ l)∩ BGRスξ2)={(ξ l(b2),ξ 2(夕 2)):b2∈ B2}

Proof.First,we show(a)。

Take any b2=(グ 2,ノ 2)∈ B2・ By PrOpOSitiOn 85,

Proposition 86 we have that

r(b2)∩ BGRスξl)∩ BGRスξ2)

〓
(J(み 2)∩ BGRスξl))∩ (」(b2)∩ BGRスξ2))

=({ξ l(b2)}× スノ2))∩ (ズグ2)× {ξ 2(b2)})

={(ξ l(b2),ξ ズら2))}・

ThuS,We haVe(a).

Next,we show(b).

SinCeノ 1× ノ2=U{スら2):う 2∈ 32},We haVe that

BGRスξl)∩ BGRスξ2)

〓
(ノ 1× ノ2)∩ BGRスξl)∩ BGRスξ2)

=(U{」 (b2):み 2∈ 32})∩ BGRスξl)∩ BGRスξ2)

〓 U{」(b2)∩ BGRスξl)∩ BGRスξ2):う 2∈ B2}

〓
{(ξ l(b2),ξ ズb2)):ら 2∈ 32}・

ThuS,We haVe(b).

IIenCe,we have Proposition 87.

P)roposition 88.

BGRaξ l)∩ BGRスξ2)=2
Pr°°f・ Take any ι2=(グ2J2)∈ 32

】By PrOpositions 83 and 84, we have

(1)タノθ方1(BEXP(b2,ψ (b2)))

〓EXP(′ 2,π′2(ん))=ξ l(b2)

(2),知方2(BEXP(b2,ψ(b2)))

=Elχ:R(ん
'ρノ2(グ2))=ξ 2(ら 2)・

By(1),(2)we have that

(3)BEXP(b2,ψ (b2))=(ξ l(b2),ξ 2(み 2))・

Mathematics and Sudoku VIII

By Proposition 32

(4)T∩ スタ2)〓 {BElχlコ(b2,ψ(み 2))}・

]By Proposition 81 we have that

(5)T∩ スタ2)={′ (ζι2))}・

By(4)and(5)we have that

(0〈ζb2))〓 BEIXP(ら 2,ψ (b2))・

'I｀ hus by(3),(6),IPropositions 81 and 87, we have that

(7)r={ι(ζら2)):スら分∈bικ
}

={BEXP(b2,ψ(ι 2)):う 2∈ B2}

〓
{(ξ l(b2),ξ ズι2)):み 2∈ B2}

〓BGRスξl)∩ BGRスξ2)・

′
I｀hus,by(7)we have Proposition 88.

Proposition 89.

ψ(ら 2)=(π ,2(ノ 2),ρ ノ2('2))fOr eaChら 2=(づ 2,ん)∈ 32・

Proof.

We Can define a map ψ
*:32~→Blby

(1)ψ
*(う

2)=(π ,2(ノ2),ρノ2(グ 2))fOr eaChう 2〓 (′ 2,ノ2)∈ B2・

Take any b2=('2,ん )∈ 32,We haVethat

(2)BEXЦみ2,ψ
*(ι

2))

=βEXP((′ 2,ノ2),(π ,2(ノ 2),ρ ノ2(グ 2)))

=(EXP(′ 2,π′2(ん))EXP(ノ2,ρノ2(グ 2)))

〓
(ξ l(う 2),ξ 2(う 2))・

By(3)in the proof of Proposition 88,we have

(3)BEXP(み 2,ψ(b2))=(ξ l(ら 2),ξ 2(b2))・

By(2),(3)we havethat

(4)BElχЦら2,ψ
ネ
(ι 2))〓 BEIXP(b2,ψ (b2))・

IBIy the uniquness of Proposition 82 we have that

(4)ψ =ψ
ホ

.

HenCe,we have P'roposition 89.

By our observations in this section we have the
following:

Proposition 90.

Let r⊂ ノ1×ノ2 be a baSiC Set・ Then We haVe the

fOnowings:

(i)unique bileCti° n mapSπ
'2:42,2)~)41,1)fOrグ

2∈ Z(1,2)

(�)unique bijeCtiVe mapS ρノ2:41,2)→ 421)fOrん ∈42,0

(�)theunique map ψ:32~→Bl,defined by

ψ(み 2)=(π′2(ノ2),ρノ2(グ2))f°r eaChう 2=(ら ,ノ2)∈ B2,

such that

(iV)r∩ズら2)〓 {βEXP(b2,ψ (b2))}fOr eaChう 2∈ B2・

Moreover, we have

(V)mapS ξl:B2~→ノl and ξ2:32→ノ2 defined by
ξl(う 2)〓 EXR(′ 2,π′2(ノ2))fOr b2=(グ 2,ノ2)∈ B2,

ξ2(わ D=EXiP(ん ,ρ′2(ら))fOrう 2〓 (′ 2,ノ2)∈ B2,

such that
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(vi)T=BGRaξ l)∩ BGRaξ 2)
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